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4 Plane  Trigonometry. 


oF 


3. Any part A 

| of Js periphery 1 

the circle is called 
do an arch, and is ſaid 

COINS of i [A 5 00 meaſure of 

the pore] which it 

l fabeendg. HE 


7 ö r 
2 : 


Note, 7 be degrees, e, ſeconds, Sc. con- 
tained in any arch, or angle, are wrote in this manner, 
50* 18' 25, which fiznifies that the given arch, or 
3 contains , 50 degrees, 18 minutes, and 35 ſer 
conds. 


4. The difference of any arch from go? (or a 
quadrant) is called its complement ;' and its dif- 
ference from we” (or a | acreage its 8 
ment. 2 | 


5. A N or ſubtente. 1 K tigt line dr 


from one extremity of an arch to the other: thus 


the right line BE is the chord, or ſubtenſe, of the 
arch BAE or BDE. Mig of 35.0; inpet 
6, The ſine, or 'right-ſine; © of an arch, is a 
right- -line drayn from one exttemity of che arch, 
rpendicular to the diameter paſſing throuſththe 


other entremity. Thus BF is the ſine of the arch 
AB or DBB. 1 


. Nee ee ee 


diameter "Eh epted between the ſine and the pe: 
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riphery. FAT U dhe E and 
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8. The co-ſine of an arch is the part of the 
diameter intercepted between the center and fine ; | 
ind is equal to the ſine of the complement of - 
that arch. Thus CF. is 'the co-fine of the arch 
AB, and is equal to BI, the fine of its comple- 
ment HB, 1 | 3 6. he 
9. The tangetit of an areh is a right-line 
touching the circle in one extremity of that arch, 
produced from thence till it meets a tight line 
paſſing through the center and the other extre- 
'mity. Thus AG is the tangent of the arch AB. 

10. The ſecant of an arch is a right-line 
reaching, without the circle, from the center to 
the extremity of the tangent. Thus CG is the 
ſecant of AB. | 22 

11. The co-tangent, and co- ſecant, of an arch 
are the tangent, and ſecant, of the complement 
bf that arch. Thus HK and CK are the co- 
tangent and co-ſecant of AB, g. 
12. A trigonometrical tanoh is a table exhi- 
biting the length of the fine; tangent, and ſe- 
cant, to every degree and minute -of the qua- 
drant, with reſpect to the radius; which is 5 F- 
poſed unity, and conceived to be divided into 
10000, or more, decimal parts. By the help of 
this table, and the doctrine of ſimilar triangles, 
the Whole buſineſs of trigonometry is performed; 
which I ſhall now proceed to ſhew, But, firſt of 
all, it will be proper to obſerve, that the ſine of 
any arch 'Aþ greater than 90.5 is equal to the ſine 
of awother arch AB as much below. go; and that, 
its co. ine , tahgent Ag, and ſecant Cg, are alfo - 
reſpectivelj equal to the co-fine, tangent, and fe- 
cant of its ſupplement AB; but only are negative, 
or fall on contrary ſides of the points C and A, 
from whence they have theit origin. All Which is 

manifeſt from the definitions 
eee + 20 | An 
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THEOREM I. 


In any right-angled plane triangle ABC, it will he a 
as the bypothenuſe is to the perpendicular, ſo is 
radius (of the, * to W of PAN ale 


baſe. 


kl 8. 
A ; F ar triangles: ACB. and 
AED, it will be AC : ; BC; AE : : ED 65 14. 4.) 
Thus, if. AC = „75, and BC = ,45; then it 
| will be, „75: nes. i : 1 (radius) : the ſine of 
x A=6; which, in the table, * 52 „ 
= the meaſure, or value of A. . 


| Tauzonzm I. 

In any right-angled plane triangle ABC, it will 755 25 
85 the baſe AB i, to the : perpendicular BC, Jo is the 
Aer . to nk fn. As 

aſe. 


For, let AE or AF 1 the” abide of the cable; 
or canon (ſee the; prec ure), and FS the 
Er of the angle A, or arch EF (Vid; Def. 3. 

| 2 then, by reaſon of the ſimilarity of the 
ABC, AFG, & Will be, AB.: :: 
AF 7 SEG. E. D. e ar. rn e, 4 


" 155 | | Note, Is the quatations why yu ane wth ty members (61 
14. 4.) without 'any mention of Prop. Theor. He, reftrence is made 
16 the Jecond edition of the Ele Oder, A by the | 
; one OHA 2 u 
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Thus let AB = — 8 band BC= 15 69 


bave „8 : „6 : : 1 Kadius) : 
hence A itſelf is Has, hy 
8 5 


* 6293 
n 


* 


N Ta TP m. | 
In every plane triangle ABC, it will be, as any one 
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For take CF = y 
Be and * Ac. 
tare GAVE; 
which will be the 
+ fines of the angles 
we andC to the 
Tadii AB 8 


er "Fs 


Real. "Pp 290" 
74 the ob . 


+ | | 5 


0 Plone e. 


1 v. 


+ adn triangle, it will be, as tht film of 
two 2 Rv difference, fo is the ta | 
half the ſum of the two oppoſite angles, 10 4 
ent f * their difference. 


1 For, e 
dhe triangle, and 
N 
b two pro "HZ 
F NY, D and Fri Wb es. 
| ter A, with the ra- 
dius AB, let a cir- 
dle be deſcribed, * 5 
. terſecting CA . 
. duced, in D and F; 
| ſo that CF may ex- 
preſs the ſum, and CD the if of the ſid 
AC and AB: join F, B and B. D, and draw 
1 parallel to FB, meeting BC in E. | 
1 Then, becauſe 2ADB.= ADB + ABD © 
| 12. 1.) = C+ + Ap (0's: 1.) it is plain | 
ADB is equal to half the ſum of the angles op- 
Poſite to the fides propoſed. Moreover, fince 
ABC = ABD (ADB) + PBC, and r ADB =. 
DBC (by 9. 1.) it is plain that ABC — C'is = 
2DBC or that DBC is equal to half the difference 


RY 


* of the ſame angles. | 
. ow, becaule of the parallel lines BF and ED, | 

1 it will be CE: CD:; BF: DE, but BF and DE, 
0 becauſe DBF and BDE are rig ght-angles (by 13+ 125 5 


and 7. 1.) will be tangents of the foreſaid 
= q 228 (ADB) _ * IDW) do the radius D. 


_ CoroL- 


1 


. Trigenometry. | 


"I 


 CoroLLany. 


Hence, in two triangles ABC-and ASC, having 
two fides equal, each to 8 it will be ( 4: egua- 


ung, APC 25 ac. 0. ABC = ach _ 


ov” we 


for in this 8 our proportion vin Sons. 
AC - AC6 * 
Radu tang. ee ting. — = AbC — 45) 22 


tang, 2 ABC * ung —— ACB Which 


gives the following Theorem, 7 finding che an- 
, to any two propoſed ſides; the in- 
2 7 


angle, and the ſides PEG being 


-”- 


8 hs the Mer 75 the 7 bbs (43 or . AB) 45 
- to the greater (AC), /o is radius to the tangent of an 
- 2 (AFC, fee Theor.” 2.) And as radius to th” 
ent of the * exceſs of this angle above 45*, ſo TY 
: #be' tangent of half the ſum of rhe 4 * to 
the WY of BE. their difference ®. © +. "4 
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The "OR 1 the caſes of * mY wimghs. 
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__ 


Given 


2 


radius i to the Ine off 


p. 
C (by Theor. L) 


2 £2 radius.: 


| leg AB 


Let the angles be found, 


n. A There. I.) whoſe 
plement ĩs the angle C. 


Caſe 2. and then the re- 
uired leg AB, by = 1. 


AC 


The hyp. "ba. ſine A: radius :: the 


eg BC :: to the byp. 


| leg AB |; 


n- {The other As fine A : 7e: : Tine : 


AB (by Theor III.) O 
radius: tang. C:: BC 
: AB (by Theor. II.) 


The An. 
4, app 


mg yp. 


AB: BC: — rg 
ſang, A (by bene 11) 
a". 22 lement is the 
langle C 


Mz 'the angles be Found, 
hy 


Caſe 6. and then the 
p AC, Go 


* 


A D GE C 
6 The 4112 7 the caſes of obligue plane triangles. 


BC (by Ther. 2 


As AB : fin ET 2 "Gn. A 
JAE ane — A byThear. 111. )whichadded 

; ang-C op and ABC C, and the ſum ſubtratted fr 
tooneof em. 

"Fro e t the angle ABC be 
AB, BC and ide AC |by the caſe, 

: R_— IT n.C: AB: 


Two des | The other|As ſum of AB and AC : thei 
AC, AB and] angles C if, : : tang. of half the ſum o 
he includedſ and ABC|ABC and : tang, ofhalfthei 
2 * nf. (by Ther- L) which add 

to, and ſubtracted from, 


alf ſum, gives the two angles. 


Let the angles be found by 

ae laſt caſe, and then BC, 
2 =_ I. 
dt. fall a perp- BD op opp. to th 


angle A will be found by 
2. of right-angles. 


8 


7 o 
#  & . * | | , : 
= * g 
- 4 
» | 2 g ; oe 
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1 


gogives the other angle ABC. 


in. ABC: AC (by Theor. III.) 


exactly the ſame. 
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Note, The ad and zd caſes are ambiguous, bt 
ac mit of two different anſwers each, when the fide 
AB oppoſite the given angle C (ſee fig. 2.) is leſs 
than the given ſide BC, adjacent to it (except the 
argie found is exactly a right one): for then 
another right-line Ba, equal to BA, may be drawn 
from B to a point in the baſe, ſomewhere between 
C and the perpendicular BD, and therefore the 
angle found by the proportion AB (aB): fin. C 


: BC: fin. A (or of CaB,) may, it is evident, be 


either the acute angle A, or the obtuſe. one CaB 
(which is its ſupplement), the ſines of both being 


Having laid down the method of reſolving the 
different caſes of plane triangles, by a a of 
ſines and tangents; I ſhall here ſnew the manner 
of conſtrufting ſuch a table (as the foundation 
upon which the whole doctrine is grounded); in 


order to which, it will be requiſite to premiſe the 
following propoſitions. 


ProPoSITIioN I. 
The fine of an arch being given, to find its /e6- 


ine, verſed fine, tangent, co-tangent, ſecant, and 


co- ſecant. | 


„ir Let AE be the rrp ſed 
arch, EF its fine, CF its 
co-ſine, AF its verſed fine, 
AT its tangent, CT its -ſe- 
cant, DH its co-tangent, and 
CH its co- ſecant. 

Then (by 8. 2.) we have 

F = the ſquare root of 

8 CE* — EF*; whence, not 

| F 4 only the cd. ſine CF, but 
. | W 


* 


ſecant is known. 


of Sines, Tangents and Secants. 13 
will be known. Then becauſe of the ſimilar 


triangles CFE, CAT, and CDH, it will be ( by 
14. 4+) 


, CF: FE: : CA: AT; whence the tangent 
bs 88 


Wa EF; CE (CA): CA: er whence the 


* 


3. EF : CF: : CD: DH; vlinhes the « co-tan- 


| gent is known. 


4. EF: Ec (CD)::CD: CH; whence the 
co-ſecant is known. 


| Hence it appears, 


1. That the tangent is a fourth proportional to 
the co-ſine, the ſine, and radius. 


2. That the ſecant is a third · proportional 1 
the co-ſine and radius. 


3. That the co- tan ent is a fourth- perten 
to the 2 co-ſine, ns radius. A* 


d that the co · ſecant is a third-proportional 


+ and radius. 


pars ever (Hecdule AT: AC:: CD 
(A855 15 : DH), that the 2, of the tangent 
and co- tangent is equal to the ſquare of the radius 
{by to. 4.): whence it likewiſe follows, that the 


tangent” of half a right: angle js equal to the ra- 


dius; and that the co-tangents of any two dif- 
ferent arches (repreſented by P and Q) arc to one 
another, inverſely as the tangents of che fare 
arches: for, ſince tang. P * co-tang. P = ſqu. 


jad. = IEG Qx "a4 Q; there fore will co- 
74% 3 tang. 


14 


tang, P: ps DT tang. Q ; tang, 
co-tang. ; co-tang, Q.: tang, P 9 


10. 4.) 


Canſfruction of the Table 


Pxose. IL 


P; or a 


4 


If there be three equidifferent 2 AB, AC, AD, 
ther common 


it will be, as radius is io the co-fine 
difference BC, or CD, 
mean, to half the ſum of the fines BE + 
and, as radius ta the {ine of the 


the two extremes : 


ſo is the 


Abe 7 


common difference, ſo is the co-fine FO of #he mean, 
to half the differexce of the e of the 12w0 ex- 


1 Temes. 


C 


* 
bs - 
a. AS 
. 
bo, * 


| meetin 


LE pn. h „ 


DG in H and v. 


drawn, 


For let BD be 


interſect- 


ing the radius OC. 
in m; alſe draw 


| n parallel to CF; 
meeting 
and BH and mv 
Y parallel - "to 


AO in ; 


a0} 


Then, the arches BC and. CD: being, * 0 "1 


each other (by hypotbefis), OC is not only 


dicular to the chord' BD, but alſo biſects ir 
and therefore B m (or Dm) wilt be the 


(er DC), and Om its co- ſine; moreover m 1 bei 
an arithmetical mean between the fines BE, 


fi 6f 


2k 


of the two extremes (becauſe Bm = Dm) is there» 


fore 


half rheir difference. 
triangles DEF Omn 5 . 


u vin be 


COC: Om: CF + * 
LOC : Dw;: FO: Dv 


equal to half their ſun, and Do equal te 
But, becauſe of te ns 


TY 


Conot⸗ 


. 
> 


yg $ os * 


of Sins, Tangents aud Secants, tg. 


| COROLLARY . 


Becauſe of the fore ing proportions, we have 
Fa „E) 8 OmCF, . (= =) 


2 75 20. CF 


i eee 


CoroLLARY II. 


Lende, if the mean arch Ac be ſuppoſed that 
2 6053 then OF being the co-ſine of 60, = fine 
+ chord of 60* = O, it is maniteſt that 
50 — BE wil, in this caſe, be barely == Dy; ard 
conſequently DG = = Dm + BE. From whence, 
and- >” pho we have theſe | two 
theorems. 


6 IF the fone of the mean, of three equidifſcrent 
arches radius unity) be mult1pnet by tice 

1b. ee of the common difference, and the ſine of 

eiten extreme be ſubtrated\ from the prodid?, the 
TOI" will (00.00 ene, extreme. 


"> T0 p ers Above 60 22 
a of another arch, as much ebw 60˙, 40 
6 above 60“. | 


Note, , taken in a grometrical ſenſe, 4 
SEX to OC, Om 75 CF 282 i 
v. it. n quantity art avi | 
duct Ay? "_— 1.4 On and "CF Je of &: 22 


» 9 ad 0 4 4 * 4 F p , * 
Font * F 3 * 5 þ, » : . = 2 | 2 + © b 
- a 
* * R 
* . Ss Kea. > + * * & - » ' 1 1 „ OY * _—— o 
M : Z 
* 
Wo : Por. 
* | | . 
> — # 4 
ab” | 
" , N 1 N 
„ N 5 
* 


P. 181.) we ſhall have, as Tr; T8653 © 008 
„008726624, the chord of T7355. or half a degree; 


| NT the ſine of the arch. of * minute. 


; Confiruttion of the A ble % 


Pkov. III. 


7 | fd the oy chic 6 very jnall e arch ; Ee | 
0 of 15”. | ; 


It is found, in p. 181. of the Elements, that the 
length of the chord of Ir of the ſemi-periphery 
is expreſſed by „00818121 (radius being unity) 3 3 
therefore, as the chords of very ſmall arches are: 
to each other nearly as the arches themſelv 7 


(vid. 14. 


121 


whoſe half, or ,004363312, is therefore the ſine of 
15, very nearly. 
From whence the fine of any Inferior arch. may 
be found-by bare, proportion, Thu if che ſine of 
17 be required, it will be, 13“: 1/ 004363312: 


nearly. 9 
But if you would have the Gne of 1/ 1 more ex- 
actly determined (from which the ſines of other 
arches may be deriyed with the ſame degree of 
exactneſs); then let the operations, in p. 181, be 
continued to 11 e and a greater number 
of decimals be taken; by which, 1 will 
get the chord of rr part of the ſemi-periphery 
to what accuracy, you? pleaſe ;- then, by proceed- 
ing as above (for 150858 the ſine of 15%, the fine 


1 minute will alſo be obtained to a very great. 
mY of exactneſs. a 


— * . : . a + 5 
, 1 
. 


eee 


7% herd the manner” f conruBing the are. 
trical canon. F 


* 2 15 . is A 
Firſt, find the ſine of an arch 8 minute, 
by the 3 Prop. and then its co-ſine, by 


2044 | Prog 


— 


e Sines, Tangents and Sectnts. 17 
Prop. 1. which let be denoted by * then ( 
Their. 1. Pp. 13 ) e ſhal] have e 1 
NN ine. a% i 4: 
| 20 x fine 2, — fine 1, = fine 3, | 
20. N line 3, — fine 2 = line 4, 
20 x ine 4 — fine 3 = lige, 5's 
+ And thus are the ſines of 67, 179 &, * ſuce 
ceſſively derived from each other. | 
The ſines of every degree and minute, up to 
60⁵%5 being thus found; thoſe of above 60 will be 
had by addition only (from Theor. 2. p. 15.) then, 
the ſines being all known, the tangents and ſe- 
172 will likewiſe become known, 2) Prop. 1. 


Nate If the ſine of every 5th minute, only, be o 
_ computed according to the toregoing method, the 
fines. of all the intermediate atches may be had 
from thence, by barely taking the proportional parts 
. of the differences, and that ſo near as to give the 
firſt ix places true in each number; which is ſuf. 
WP 2955 * dn common purpoſes, 


| Scholtu n. | 
Although with has been hitherto laid FA for 
conſtructing the trigonometrical- canon, is abun- 
dantly ſufficient for that purpoſe, and is alſo very 
_ eally i yet, as the firſt ſine, from. 
whence, the relt are all derived, muſt be . on 
e 


to à great number br of 755 to, tender the nu 1 | 
Tous deductions from tolerabl (becau 
in every operation. 3 90 Ie rh 
ö bay ubjoin 4 Wh 975 | 
haye. hes ras, | \. 
ei r re 2 | 
**Firſt, then, from the —— by 3 Jo 


given (y p. 181 be. — arg 


* 
2. 4 FY 


496592 5826, Sec. (= the . 
307% and the NA which is = 3; 1 
19 . 8 5 


5 


18 -- Confiruthon of the Table | | 
309017, &c. (equal to half the ſide of a — 
inſcribed in the cirele) let the co- ſine of 3, the 
difference between 187 and 157, be found ®; from 
which the co-fine of 43 will be had; by two bi- 
ſections only: whence the fines of all the arches 
in the progreſſion 1* 307, 2* 1 80 3 oOo, 3˙ 46%, 
&cc. may be determined (by Theor. 1. p. 1.) and 
that to any aſſigned degree of exacineſs 

The. ſines of all the terms of the . | 
45%, 1* 30, 2* 157, &c. up to 60% bein 
derived, the next thing 1 is to find, by help "theſe, 
the ſines of all the intermediate arches, to every 
ſingle minute. 

This, if you deſire no more than the 4 or 5 firſt 

aces of each (which is exact enough where no- 
thing leſs than degrees and minutes is regarded), 
may be effected by barely taking the proportional 
pars of fry rr gee 1 * aden 

ut if a greater de of accuracy be inſi 

on, and you would e a table carried on to 
or 8 places, each number (Which is fafficient ro 
give e value of an angle to ſeconds, and even to 


thirds, in moſt caſes), * * n nes 


as follows: - 


Muh ply. thi fog of * tins of N 
e terms of the progreſſion 4 
2*15',3* 00% 3* 45 &c N you 5 
finq all the intermediate _ Moe = 2 
; ,000000042 3, for a firſt product; and this, a , 
42 for à ſecond product; to which laſt, let 5 

che differente of N propoſed fines ( (or Er. 
rremes) be added, -and the fur will be the exceſs, 


* 


6 A 2 3 4 | 
| [oy Fang 2 15 = e gs of. * 5 to 


2 3 
4 
2˙. Fon ; 


of Mint, Nager. a Setants. 10 


i. From this exceſs let the firſt product be 
' continually ſubtracted; that is, firſt, ys 4 the 
exceſs itſelf ; then 24 the remainder ; then from 
the laſt remainder, and ſo on 44 times. 


3*. To the lefler extreme add the forementioned 
Exceſs ; and, to the ſum, add the firſt remainder ; 
to this ſuni add the Bert remainder, and ſo on 
continually: then the ſeveral ſums thus ariſing 
will reſpectively exhibit the ſines of all the inter- 
mediate arches, to every ſingle minute, excluſive 
of the laſt; which, if the work be right, will 
agree with. the greater extreme itſelf, and therefore 
will be of uſe in proving the operation. 

But to illuſtrate the matter more clearly, let 
it be propoſed to find the ſines of all the in- 
termediate arches between 35 00” and and 3 457 to 
E. ſingle minute, thoſe of the extremes being 
om the foregoing method, equal to 
oh 8257555 and „065640312 reſpectively. Here, 
um of the ſines of the extremes being mul- 
uplleck by ,000000042 3, the firſt product will be 
' 200000000498, &. or, 50, neatly (which 
is ſufficiently exact for the preſent purpoſe); and 
this; again, mul by 22, gives ,00000011 
for a 2d ptod which added to ,0002903815, 
Vr part Ls the be erence of two given ex- 
; Vibe, will be ,0002904915, the exceſs of the 
| * of 3. 017 above that of 1 From 
ng according to the ad and 3d 
Alles, . e B of So OG intermediate 
arches 7 had. by .qpdicon and ſubtraction * 


_ the 4 . | 
| 4 by... = = 
N oe + * 
1 if g 
. * 1 64 "7 . 7 . , * 414 
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Confiruttion of the Table | 


0050 
4865 

50 
4815 
50 


4765 
„ 


ö — 


4715 


280 


4665 
50 


| — 


4615 


50 
4565 
50 


ö 


4515 
| 50 


1 — 


4465 


59 


4915 exceſs 


171 rem. 


rem. 
rem. 
rem. 


rem. 


rem. 


4415 10" rem. 


&c. 


5 


06233595 ſine 3˙ O. 
„0002904915 | 


062626441 5 fine 3 1 
2904865 


,0529169280 ſine 3* 2/ 
2904818 


58837074595 lar 8 


2904765 


1. ,0534978860 fine 3 4 


2904715 


——ſ——— 


,0537883575 ſine 3. 5 
2904605 


,054078 8240 ſine 3˙ 6/ 
2904015 


,0543692855 ſine 37 * 
290455, | 


0546597420 ſine 3 . 
29045156 


6549501935 ſine 3. 95 
2904466 | 
05 52406400 ſine EY 

Oc: * . N 


Again, as a ſecond example, let it be required 
to find the fines of all the arches, to every mi- 
nute, between 59* 15/ and 60* oo/ ; thoſe of the 


two extremes being firſt found, by the preceding 


"RS of B54 


mer 


R 


of Sines, Tangente and Secants. 21 


method. In this caſe, the two extremes, being 
83940641 and ,86602 540, their ſum will be = 
1,72543, &c. and their difference , 0661899; 
whereof the former, multiplied by ,cooo00042 3 
(ſee © the rule) gives 00000007298, &c,' or 
,00000007 30, nearly, for the firſt product (which is 
exact enough for our purpoſe) ; therefore the 2d pro- 
duct, or ,00000007 3O x 22, will be ,0000016060 ; 
which, added to 27 of the difference, gives 
001486947; from whence the operation will 
be as follows: | | 


5000 14 86947 exceſs 85940641 ſine 59* 15/ 
,00000f097 30 Ne prod. 0001486947 


86217 1 rem. 8595551047 ſine 59* 16” 


| 730 1486217 

85487 2* rem. 8597037264 fine 59* 17 
730 1485487 

84757 3 rem. 8598522751 ſine 59* 18, 
7255 1147757 

84027 rem. , 860000) 508 ſine 59 19/7 
730 41484027 

| : 5 — — 

183297 5 rem. , 860149135 line 597 200 
730 1483297 

82567 6” rem. ,8602974832 line 59%*21/ 

1482567 | 
_ "= | 860445739 fine 3922 
a &c. : | &c. r | 


After the ſame manner the ſines of all the inter- 
mediate arches between any other two propoſed: 
extremes may be derived, even up to 90 degrees; 


24 
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22 Conftruition of the Table Ge. 
but thoſe of above 60? are beſt found from thoſe 
—_ . been ſhewn "+= qe | 

upon which the foregoin opera- 
tions are founded, depend upon _ too 
foreign from the main deſign of this treatiſe, to 
be explained here (even would room permit); 
however, as to the correctneſs and utility of the 
method itſelf, Iwill venture to affirm, that, who- 
ever has the inclination, either to calculate new 
tables, or to examine thoſe already extant, will 
not find one quarter of the trouble, this way, as 


he unavoidably muſt I to the common 
methods. | 


* * 
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DEFINITIONS. 


Aer of 4 hene in a ſoRtion of the 
ſphere by a plane paſſing thro* the center. 
7 & 5 axis jo a great-cirche 1 a right · line 
paſſing through center, perpendicular to the 
plane of che je and the two points, where the 
ax irres the ſurface of the ſphere, ate called 
i of the circle. 
5 angle is the inclination of two 
e . 
« A ſpherical triangle is a part of the aufsce 
of che ſphere included by the arches of three 


the 

* 5 11 ol e 
A 13 F of two great- 
circles DF and® Dis, 


ſtandi at ht-an 
two. oh rig © 


eat-Circ 
ACE and F FOB be con- 
ceived to pals, and there- 
by rm. two ſpherical. 
_ triangles ABC and FCE, 
the latterof the tri 
ſo formed is ſaid 7 be the complement of th 


former: aud vice 9 


w 
* „ - £-£4 
a — 


Mas 


great · circ es ; which archies are called the ſides of 


„ Cox or- 


—_ ——— ñ—— —— AA — — ²˙ w eons 


- 
— 


Dn — 1 — — — —— — 


—— . bY— —— —— — — — eod , 
2 4 72 —< * * — 
_ 
4 — a = . N 
8 * 8 2 * 3 
9 of JI. 4%. * - 


' 

1 

i 

A 

| 

"I 
. 

i * 

17 


15 
1 


ey 
5 _ 
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24. Spherical Trigonometry. 


CorROLLARIES. 


PN + * is manifeſt (from Def. 1.) that the ſeQion 
of ty iet (as it e an the center) 
wille ameter of the ſphere; and conſequent- 
ly, that their peripheries will always interſect each 


other in two points at the diſtance of e a ſemi- 
circle, or 180 hy | 


. It alſo a s (from Def. 2.) * all great · 
3 e. the pole of a given circle, 
cut that circle ar right- 15 ; becauſe they paſs 
through, or coincide ou the Axis, We i 7 
n o it. Age das“ 

, em . Tt 2 3 


| 70: 


05 de that the peri- 
phery of a great: cir- 
dle is every where go 
degrees diſtant from 
its pole; and that the 
meaſure of. a ſpherical 
angle CAD 10 an arch of à great circle, inter- 
cepted by the two circles ACR, ADB forming that 
angle, and whoſe pole is the angulat point A. 
For let the diameter AB be the- interſe&tion of the 
great- circles ADB and Ach (ſee Corel. 1.) and let 
the plane, or great- circle, PEC, be canceived . 
pendicular to that diameter, interſecting the ſur- 
face of the ſphere in the arch CD; then it is ma 
nifeſt that AD = BD= g, and AC = BC = go® 
(Cor. 1.) and that CD i is the meaſure of -the 
angle DEC (or CAD) the inclination of o twa 
propaſed circles, x 


: : * 


„Note, Although a ſpbericat 4 is, properly, the e 
tue great<eircles, yet it is m ⁰ni Leto 45 the inclina- 


n tHe en.. gelt cath 
& 
; 4 Hengy 


_ . Spherical 7 rigonometry. 


| 41 it is alſo B 
Mmanifel, that the an- 
gles B and E, of the 
complemental triangles 
AB and FCE, are both 
gh ht-angles.; and. that 
is the complement  < 
of AC, CF of BC, BD 
(or the ang le: F) of AB 
and EF a ED. (or the angle mY 


i Tx £ORE' MW 1; 


"* any PETS ngled ' ſpherical. triangle i will Je, 
as, radius 4,40 tbe fine of the anple at ihe 3 is 
the * of Hen e bypothenuſe to the fine of the 8 

lar; and as radius to the co:fine of ihe 
2 baſe, ſo is the ran, 77 the een 10 the 
| * of * baſe. 1 4 


* 
„* 


| DanoNsTR ATION. 


, * - » ” bs 
© x ". »* + 4 ; " 3 
0 * 9 , 13 w 3 $3 , — 
* 
0 


8 1 2 A 


1 ADL and AEL. be two WT of he. 


ce MY each other in the diameter AL, 
making | 


N N * ' 
* , : 1 5 " 

MR ; * * 
\ 2 


26 Spherical. Trigonomerry. 

making an angle DOE, meaſured by the arch 
ED ; the plane DOE being ſuppoſed r 
to the diameter AL. ar - — O. 

Let AB be the baſe o poſed triangle, | 
BC the perpendicular, Ac the dy e and 
BAC (or DAE = DE = DOE) the angle at the 
baſe : moreover, let CG be the fine of the 4 
thenuſe, AK its tangent, Al the tangent of the 
baſe, CH the ſine of the — and EF 

e; and let I, K and 


the ſine of the angle at the 
dicular to the plane of the 


G, H be joined. 
Becauſe CH is perpen 
baſe (or paper), it is evident, that the plane GHC + 
will be perpendicular to the plane of the baſe, and 
likewiſe perpendicular to the diameter AL, becauſe 
GC, being the fine of AC, is dicular to AL. 
Moreover, ſince both the planes OIK and AIK are 
perpendicular to the plane of the baſe (or paper). 
their interſection IK will alſo be ndicular to 
it, and conſequently the angle AIK a right-angle. 
* Therefore, = the angles OFE, Cie and 
AIK are all right- angles, — that the planes of 
the three triangles OFE, GH C and AIK are all 
perpendicular to the diameter 3 we ſhall, by fi 
milar tria — ix Op FEY c — 
have 3 CE: OP; AK Ai 
Radius: fine of EOF (or BAC) :: 
NA of AC: fine of BC. 
n N eg: ine of >» £4 10 


7 WT ET I. 


Hence it follows)” that the ſines of the angles 
of any oblique ſpherical triangles ADC are to 
one another, dire uy, as the fines of the Pony 


27 


For let BC be perpendicular to AD; 
then F radius: fine A:: ſine AC : fine BC be 
ſince } radius: ſine D * ſine DC > ſine BC by 
former part of the theorem 3. we ſhall 


(by 8. 4.) and conſequently line A : fine D : : ſine 
AG. : ſine AC; or. line A: ſipg DC:: fine D: : fine 


Conoutany 2. 


; follows, -m moreover, that, in right-angled 
ſpherical triangles ABC, DBC, having one leg 
BC common, the tangents of the hypothenuſes 
are to each other, inverſely, as the co- ſines of ms 
adjacent angles. 

For g radius: co- ſine ACB : tag. AC: tan. BS 
ſince 2 radius: c- ſine DCB ; : tan, DC : tan. BC 
by the latter part of the theorem x; we ſhall (by ar+ 


Sung as above) have co- ſine ACB : co-fine DCB :: 


tang. DC : tang. AC. 
's Tuzoka 1. 


ß any Fr Nn triangle (ARE) 10 


will þ be, as radius is to the co:fene of one. lig, ſo M 


Fand. the other * the * the bys 


; Dznon- 


ſine AC (= radius x ſine BC) A 55 de | 


Z 


Spherical Trigonometry. 

DEMONSTRATION. 

Let CEF be the 
complemental - triangle 
to ABC, according to 
what has been already 
ſpecified; then it will be, 
by Theor. 1. Caſe 1. 


1 


B 


Radius: ſine : : fine CF : fine CE; that is, 
Radius: co-fine BA : : co- ſine CB: co- ſine AC 
(ſee Cor. 4. p. 25.) L E. DP). Gn 


CoROLLARY. ' 


Hence, if two right- 
angled ſpherical trian- 
gles ABC, CBD have 
the ſame perpendicular 
BC, the co-ſines of theit 
hypothenuſes will be to 
9:43 1 4 %% 5 each other, directly, as 
the co - ſines of their baſes. of * 
For rad : co-ſin. BC : : co-ſin. AB: co- ſine AC, : 
. rad 3 I : co-fin. DB: co-fine DC, 

refore, by equality and permutation, co- ſin 
AB : co-ſine DB 0 AC: co-fine DC. 1 


1 


TRIORZMu III. 


In any right-angled ſpherical triangle (ABC) 2 b 
will be, as radius is to the fine of either angle, ſo is 

the co-fine of the adjacent le to ibe co-fine of the 
oppoſite angle. * e e een eee W 


> 122 
. > * 413 — 
8 . * 


—_— 


” 
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' DEMONSTRATION. 

Let CEF be as in the preceding propoſition ; 
then, by Theor. 1. Caſe 1. it will be, radius: ine 
C:: fine CF: fine EF; that is, radius « ſine C : 
co-ſine BC: co-ſine A. 2, E. D. 


COROLLARY. 


Hence, in right-an led ſpherical triangles ABC, 
CBD, having the ſame perpendicular BC (ſee 
the laſt figure), the co-ſines of the angles at the 
baſe will be to each other, directly, as the ſines of 
the vertical angles : 

For F radius : ſine BCA : co- ſine CB: co-ſine A, 
ſince } radius: ſine BCD : : co- ſine CB : co- ſine D, 
therefore, by equality and permutation, 

Co-ſine A: : co-ine D : : ſine BCA: ſine BCD. 

6 


THzOREM IV. 


n am right- angled ſpberical triangle (ABC) it wil 
be, as radius is to the fine of he baſe, ſo is the 
tangent of the angle at ihe baſe to the * 4 
the Perpendicular. 


For, ſuppoſin CEF 
as before, i 


it will be, as radius : 
co-ſine of F:: tang. 
CF : tang FE (by F 
latter fart of M4 1.) 
2 is, radius: fine 
e — | 


Ar <1 
g e (by oth . . oo AI 
Pp. 12 * » E. D. \d * f 1 \ | | 25 Wo : yo 


Spherical Trigonometry. 


Coxor DAR v. | 


D pendicular BC, the lines 
5 of the baſes will be to 
each other, inverſely, as the tangents of the angles 
& the. bats: 1 f 
For F radius: ſine AB: : tang;- A: tang. BCT. 
ſince Þradius,: fine DB:: tang D: tang, BC 
we ſhall (by reaſoning as in Cor. 1. Theor. 1.) have 

Sine AB: fine DB:: tang. D: tang, A. 


FT urorEUu V. 
In any right-angled ſpherical triangle it will be, as 
radius is to the co-fins' of the hypothenuſe, ſo is the 
tangent of either angle to the co-tangent of the other 


angie. 


For (CEF being at in the Laff) it will be, as ra. 
dius : fine CE : : tag. C: tang. EF (by Theorem 
4.) chat is, 
tang, A. 


4 


9. E. D. d 


LI : f otg? 
: i . a 4 | 1+ + Aw 
| As the ſum of the fines! of tern tnequal” arches 


is to their difference, ſo is i tangent of half" tho 


ſum of thoſe | arches to the” tungen of half tbein 
difference : and, as the ſum af the" co: ines is to thei 
difference, ſo is the to-4 balf the ſum of tb 


angent of  balf t. 
arches to the tangent of half thi diene of the 
ſame arches. LE 4 l 0 . 


*. * 


* For, 


- A. * 
© a * 


radius: co- ſine AC :; tang. C: co- 


9 


| F Cy OR * a. ti i. #4 


„ Be 
$ 


2 > AOAth an ˙ ˖ — annie 


hun} © © 


© , %« 
4 


„ 
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Spherical ne. ar. 

For, let AB and " 4% | 
ACbetherwapro- 
poſed arches, and 
Et BG and CH be 
their fines, and OG 
and OH their co- 
fines; moreover, 
let the arch BC be 
equally divided in 
D, ſo that CD ma W ; 
be - half the 15 0 CA 
ference, and A 
half the ſum, of AB and AC: let hs rad OD 
and QC be drawn, and alſo the chord CB, meetin 
OE in E and OA (produced) in P; draw ES —— 
lel to AQ, meeting CI in 8, and EF and OE per- 
P u AO. and let 1 EC (pro- 
uced) in I; aſtly, draw QDK icular to OD, 
meeting OA, OC and Ol (produced) inQ, L and K. 

Becauſe CD = BD, it is manifeſt that OD is nor 
1 1 perpendicular to the chard BC, but biſects it 

hence, alſo, EF biſects HG; and therefore 

ECH+ BG = 2EF, and CH — BG = 2CS; alſo 
BOG +.0H = 205, and OG. — OH — 2HE : 
but 2EF (CH + BG): rh (CH — BG): : 
CS: EP: EC (by 14. 4 D (the er og 
AD) : DL: (the rangent of DC , by-20. 4.) And 
2QF (OG +OH) : 2 HF (OG — OH): Ven: EC 

: DK (the N of AD): DL (th tang. 
DC), E. D. | 


PQ 


Turo vl. 


I a ſpherical triangle ABC 15 wil be, as the: 
NE of balf the ſum of the, two fides js to 54 
of half their difference, ſo. is the coctan 
ee eto 42 tangents of the 70 ce (VE), oft the 
from ib middle of" the baſe.” 


Dx MON- 


- 


— 

— 
— — == — Pl — — 
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= 
1 
1 


464 = 
— 


32 Spherical Trigonometry. 
DzMONSTRATION. | 


42 Since co- ſine AC: 

co-ſine BC :: co-fine 
AD : co-ſine BD (&y 
Cor. to Theor. 2.) there 
f fore, by compoſition and 
5 B &ivifGoa; co- ſine AC + 
F co-ſine BC : co- ſine AC 
— Co-ſine BC : : co-fine AD + coſine BD < co- 
fine AD — co-ſine BD. But (by the preceding 
lemma) co-ſine AC + co-fine BC: co-fine AC — 


co- ſine BC : : co-tang, AC+BC. ran rang. — 


and co-fine AD + co-fine BD : co- ſine AD — 
AD+BD 
oo· ſine BD : : co-tang. of ax ( Z ): tang, 


AD — BD 
DE b ; | whence, by equality, co· tang. 
AC BC AC — BC 
"ns SHEET” : co-tang. AE: . 


CoROLLARY- 


Since the laſt proportion, by mind | be: 


AC+BC 
"Os OP; AE": : tang, 


comes co-tang. 


AC — BC. 
—_—— DE, and it is proved, in p. 13. 


that the tangents of any two arches are, inverſely, 
as their co-tangents-z it follows, therefore, chat 

AC 4 _ AC — BC 
rang. AE : tang. tang. - 


: tang DE 3 or, that bg tangent of half the. baſe 


— in 


is to he 7 ent of half nog 4 the fides, as the 
* 75 


alf the difference of the fides, to_the 


_ Tanga 
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tangent of the diſtance of the perpendicular from the 
middle of the baſe. | 


THEOREM VII. 


In any ſpherical triangle ABC, it will be, as the 
co-tangent of half the ſum of the angles at the baſe, 
is to the tangent of half their difference, ſo is the 


the angle which the perpendicular CD makes with the 
line CF biſecting the vertical angle. (See the prece- 
ding figure.) 


DEMONSTRATION. 


It will be (by Corel. to Theory. 3.) co- ſine A: co- 
ſine B:: ſine ACD: fine BCD; and therefore, co- 
ſine A + co-ſine B: co-ſine A — co-fine B:: fine 
ACD + ſine BCD: fine ACD — fine BCD. But 


1 B B — A 
(by the lemma) co- tang. +2 : tang, —: ; 


W (co-line A + co-fine B : co-fine A — co-ſine B : : 
E ſine ACD + fine BCD: fine ACD — fine BCD) 
rang. ACF: tang, DCF. Q, E. D. 


tangent of half the vertical angle, to the tangent of 


—_—— — ͤLœ—— 1 
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The ſolution of the caſes ef right-angled ſpherical 


Spherical Trigonometry, 


—_ 


B 


triangles. 
8 Given Sought Solution. SU 
| | The hyp. | The oppo- As radius : fine hyp. AC : 
I AC and one| fite leg | ſine A: fine BC (by the e- 
angle A BC mer part of Theor. 1.) 
The hyp: | The adja- | As radius: co- ſine of A: 
2 AC and one| cent leg. | tang, AC: tang. . he 
angle A AB latter part of Theor. 1 
| The hyp. | The other As radius: co-ſine of AC: 
3 AC and one| angle C | :: tang. A: co” C - y 
angle A Theor, 8 
The hyp. | The other As co-fine AB : IG 
4A C and one] leg BC | co-ſine AC: co- fine BC( 15 
leg AB Theor. 2.) 
"| The byp. | The oppo-| As fine AC : radius : : fine | 
'5JACand one] ſite angle | AB: fine C (by the former 
| leg AB * | part of Theor , I} 
The hyp. | The adja-| As tang. AC: tang AB : : 
| 6 AC and oneſ cent angle | radius: co-ſine FA 05 
leg AB A Theor. 1.) 
"| One Teg | The other | As radius : fine AB : : tan- 
AB and the] leg BC | gent A : tangent. BC (by 
7] adjacent |: ow 4. N 
1 angle A . 2 1 


Caſe 


Spherical Trigonometry. 35 
2 Given Sought Solution. 
0 "RF 2 13 
[One leg The oppo-| As radius : fine A:: co- 
g AB and the | ſite angle | fine of AB: co-fine of C (by 
adjacent E Theor. 3.) 4 
by angle A * 
One leg | The hyp. | "As co-line of A: radius: 
AB and the AC tang. AB : tang. AC (by 
9 | adjacent Theor. 1.) 
angle A A 
| One leg | The other As tang. A: tang. BC :: ra- 
BC and the leg AB | dius: fre AB (by Theor. 4.) 
"wn oppoſite = 
angle A 3 
ne leg | The adja- | As co-fine BC : radius : | 
BC and the | cent angle | co-ſine of A : fine C by 
II oppoſite \ | Theor. 3.) 
| angle A 
One leg | The hyp. | As tin. A: fin, BC: : radius 
12 | Band the AC | : five AC (by Theor. 1.) 
oppoſite 
angle A 
Both le The hyp. | As radius: co-fine AB:: 
13 AB and 2141 AC co- ſine BC. : co-ſine AC } 
3 ( by T heor. 2.) | 
| Both legs | An angle, As fine AB: radius: : tang. 
14 AB and BC | fuppote ABC: tang. A (by Theor. 4.) | 
Boch angles} A legs | As fin. A:co-fineC :: a- 
15 A and C | ſuppoſe | divs: e by Theor, 

1 | AB 2 3. ) | 
Boch angles] The byp As tang. A: co-tang. C:: 
16] AandC | AC radius : co-fine AC (by 

4 Theor. 5.) 


Note, "The oth, 11th and 12th caſes are ambiguous ; ſince 


it cannot be determined, by the data, whether AB, 
be greater or leſs than 90 degree each, a 


„ and AC, 


D 2 


F b 
The ſolution of the caſes of oblique ſpherical tri- 


angles. 


W 


Given Sought | Solution, 5 


| * 


Two ſides AC, | The angle B | As fine BC: fine A : ; fine AC: 
BC and an an- | oppoſite to | fine B (by Cer. 1. to Theor, 1.) Note, 
1 | gle A oppofite | the other | This caſe is ambiguous when BC is 
to one of them | leſs than AC; fince it cannot be 
determined from the data whether 
B be acute or obtuſe, 


— * 


Two ſides AC, | The included | Upon AB produced (if need be) let 
BC and an an- | angle ACB | fall the perpendicular CD ; then (by 
gle A oppoſite « | Theor, 5.) rad, : co-fine AC :: 
2 do one of them tang. A : co-tang. ACD ; but (by 
Cor. 2. to Theor, 2.) as tang. BC: 
tang. AC : : co- ſine ACD: co- ſine 
BCD. Whence ACB = ACD + 


BCD is known. 


» 


Two ſides AC, | The other | As rad. : co-fine A:: tang, AC : 

BC and an an- fide AB | tang. AD (by Theor. 1.)and (by Cor. 

gle oppoſite to to Theor,2.) as co-fine AC: co-fine 

3 | one of them | BC: : co-fine AD: co-fine, BD. 

| Note, This and the laſt caſe are 

-N | both ambiguous when the firſt is ſo, 
— > - ei 


Two fides AC, | The other | As rad. : co-fin. A:; tang. AC: 
AB and the in- fide BC | tang. AD (by Theor. 1.) whence BD 
4 | cluded angle A is alſo known; then rol. to 
Theor, 2.) as co-fine AD : co- ſine 
| | BD : ü co-fine AC : co-fine BC. 


| Two fides AC, | Either of the | As rad. : co-fine A : : tang. AC : | 

| ABandthein- | other angles, | tang. AD {by Theor. 1.) whence BD 

5 | cluded angle A | ſuppoſe B | is known; then {by Cor. to Theor.4.) 

| | as fine BD : : ne AD : : tang, A: 
| | | tang. B, 


Caſe 


Spherical Trigonometry. 


"S 


W 


E Given Sought Solution, | | 
d | | : 
Two angles A, | The other A rad, : co-fine AC :: tang. A : | 
ACB and the angle B co-tang. ACD (by Theor, 5.) whence | 
6 | fide AC be- BCD is alſo known; then (by Cor. | 
twixt them to Theor. 3.) as fine ACD: fine BCD | 
: : co-fine A: co-ſine B. [\ 
| Two angles A, | Either of the | As rad. : co-fine AC : : tang, A : 
ACB and the | other fides, | co-tang. ACD (by Theor. 5.)whence 
7 | fide AC be- | ſuppoſe BC BCD is alſo known; then as co-fine 
twixt them of BCD : co-fine ACD : : tan, AC 
: tang. BC (by Cor. a. to Theer. 1.) 
. Two angles A, The ſide BC As fine B: fine AC :: fine A: fine 
B and a fide | oppoſite the | BC (by Cor, 1. to Theor, 1.) | 
8 | ac oppaſite to other 
| one of them 
Two angles A, } The fide AB | As rad. : co-fine A:; tang, AC: 
BandafideAC | betwixtthem | tang. AD (by Theor. 1.) and as tan. 
9 | oppoſite to one | | B : tang. A: : fine AD: fine BD 
of them (Y Vor. to Theor, 4.) whence AB is 
| alſo known. 
Two angles A, | The other |} As rad. : co-fine Ac :: tang, A: 
Bandafide ACY angle ACB | co-tang, ACD [by Theor. g.) and as 
lo] oppoſite to one Ps co-ſine A: co-fine B: : fine ACD 
l of them | : fine BCD {by Cor. to Theor, 3.) 
% whence ACB is alſo known, 
All the three ] An angle, 3 AC + BC 
fides AB, AC | ſuppole A | As tanz. JAB : tang, —— 
AC— BC \ 
: | 55 Lang, — : tang, DE, the 
v1 | diſtance of the perpendicular from 
the middle of the baſe (by Cor. to 
Theor. 6.) whence AD is known ; 
| then, as tang, AC : tang, AD: : 
? rad, 1 co-fine A (by Theor. 1.) 
All the three | A fide, ſup» AC AA ABC—A 
angles A, B | 'poſe AC As co- tan. tan. 
and Ach | ACB 
n ; 3 tang, = tang. of the angle 
is | included by the jeular and a | 
| line biſecking the vertical angle; 
whence ACD is alſo known; then 
by Theor. $) tang, A : co-tang. 
88 0 | ACD : : rad, : co- fine Ac. | 


Note In letting fall your perpendicular, let it always be frcm the end of 
a given fide and oppoſite to a given angle. | 


D 3 


4 


— —ͤ— 
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Of the nature and conſiruttion of logarithms, 
with their application to the doctrine of 
triangles. 


S the buſineſs of trigonometry is wonder- 

fully facilitated by the application of lo- 
garithms; which are a ſett of artificial numbers fo 
proportioned among themſelves and adapted to 
the natural numbers 2, 3, 4, 5, &c. as to per- 
form the ſame things by addition and ſubtraction, 
only, as theſe do by multiplication and diviſion: 
I ſhall here, for the ſake of the young beginner 
(for whom this ſmall tract is chiefly intended) add 
a few pages upon this ſubject. Bur, firſt of all, it 
will be neceſſary to premiſe ſomething, in general, 
with regard to the indices of a geometrical pro- 
greſſion, whereof logarithms are a particular ſpe- 
cies. | - 

Let, therefore, 1, a, a*, ai, a*, as, , , &c. 
be a geometrical progreſſion whoſe firſt term is 
unity, and common ratio any given quantity @, 
Then it is manifeſt, 4 e hk ve 


1. That, the ſum of the indices of any two terms 
of the progreſſion is equal to the index of the proguti 
of thoſe terms, Thus 2+ 3 (5) is = the index 
of a* x a, or ad; and g + 4 (=7) is = the index 
of @* x @*, or a”. This is univerſally demonſtrated 
in p. 19. of my book of Algebra. 


2. That, the difference of the indices of any two 
terms of the progreſſion is equal to the index of the 
quotient of one of them divided by the other. Thus 

4 


5—3= the index of = or a. Which is only 
the converſe of the preceding article. 


0 3. That, 
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3. That, the product of the index of any term by 


a given number (n) is equal to the index of the power 
whoſe exponent is the ſaid number (n). Thus 2 * 3 
(6) is = the index of a raiſed to the 3d power (or 


4). This is proved in p. 38, and alſo follows from 
article 1, 


4. That, the quotient of the index of any term of 
the progreſſion by a given nnmber (n) is equal to the 
index of the root of that term defined by the ſame 
number (n). Thus 4 (2) is = the index of (4*) 
the cube root of 4a. Which is only the converſe 
of the laſt article. | 


Theſe are the properties of the indices of a geo- 
metrical progreſſion ; which being univerſally true, 
let the. common ratio be now ſuppoſed indefinitely 
near to that of equality, or the exceſs of à above 
unity, indefinitely little ; ſo that ſome term, or 
other, of the progreſſion 1, a, 4“, 4, af, a, &c. 


may be equal to, or coincide with, each term of 


the ſeries of natural numbers 2, 3, 4, 5, 6, 7, 
&c. Then are the indices of thaſe terms called lo- 
garithms of the numbers to which the terms them- 


ſelves are equal. Thus, if a” = 2, and a = 3, 


then will mand # be logarithms of the numbers 
2 and 3 reſpectively. | 
Hence it is evident, that what has been above ſpe- 


cified, in relation to the properties of the indices of 


powers, is equally true in the logarithms of numbers; 
fince logarithms are nothing more than the indices 
of ſuch powers as agree in value with thoſe num- 
bers. Thus, for inſtance, if the logarithms of 2 
and 3 be denoted by m and ; that is, if * = 2, 


and 4" = 3, then will the logarithm of 6, (the 


product of 2 and 3) be equal to m + » (agreeable 
to article 1); becauſe 2 * 3 (6) = 4q"x 4 = an +=, 
7. | D 4 But 
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But we muſt now oblerve, that there are various 
forms or ſpecies of logarithms ; becauſe it is evi- 
dent that what has been hitherto ſaid, in reſpect to 
the properties of indices, holds equally true in re- 
lation to any equimultiples, or like parts, of them; 
which have, maniteſtly, the ſame properties and 
proportions, with regard to each other, as the in- 
dices themſelves. But the moſt ſimple kind of all, 
is Neiper's, otherwiſe called the hyperbolical. 

The þyperbolical logarithm of any number is the in- 
dex, of that term of the logarithmic progreſſion agree- 
ing with the propoſed number, multiplied by the exceſs 
of the common ratio above unity. | 

Thus, if e be an indefinite ſmall quantity, the 
hyperbolic logarithm of the natural number agree- 


ing with any term 1 + e of the logarithmic pro- 
greſſion 1, 1 +6, 1 Te. 1 + > 1 + e, &c. 
will be expreſſed by ne. 


PRoPOSITION I. 


2 be byperbolic logarithm (L) of a number being zi 
ven, to find the number itſelf, anſwering tbereto. 


Let Te be that term of the logarithmic pra- 


greſſion 1, 1 + e's L +7, 1 + > I + elf, &c, 
which 1s equal to the required number (N). Then, 


becauſe 1 + 2" is, univerſally, = 1 4+ne + n-. 


e r v te. we tall, al 


n—1 1 


11 
. . f „ 


2 


have 1 +ne+n. 


3 
Sc. N. But, becauſe » (from the nature of 
logarithms) is here ſuppoſed indefinitely great, it 


is evident, firſt, that the numbers connected to it by 
the ſign , may be rejected, as far as any aſſigned 
| number 


w 


Le 


rie 
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number of terms being indefinitely ſmall in com- 
ariſon of #: it is alſo evident, that they may 
* rejected in all the reſt of the terms of the 
ſeries; becauſe theſe terms (by reaſon of the in- 
definite ſmallneſs of e) bear no aſſignable propor- 
tion to the preceding ones. Hence we have 14 
ue e e ; F 

2 pp RAT 733 = N: but ze is 
(L) the hyperbolic logarithm of 1 e' (or N) 
by what has been already ſpecified : therefore 14 


TY TD L* Ls | 
T5 — — „ & 2 2 N. 
N * 2.3 0 2.3.4 T 2.3.4.5 L | 
9, E. J. | ; 
Y PROP. H. | 
To determine the hyperbolic logarithm (L) of any given 


It appears from the preceding Prop. that 1＋ L. 
+= ＋ 25 N. is = N: therefore, if x - 1 be 


| L L L# 
put = N, we ſhall have Lp + * 


&c. x; and conſequently, by reverting the ſe- 


OTHERWISE. | 
Becauſe 1 e = N (by the definition of lo- 
garithms) we ſhall have 1 e = NIA; 
| 4 
by putting 1 + x = N, and m == T herefore, 


i 6 1 | 
A being = 1 + mr + we ar +m. 


42 The Nature and 


m — 1 M—2 


* &c, we have e = m m, 


2 3 . 
— 1 MW — 1 12 2 

oe S. . . x3 &c. where, 
2 2 


m being rejected in the factors m—1, m— 2, 1 — 3 
&c. as indefinitely ſmall in compariſon of 1, 2, 3 


&c. the equation will become e = mx — — 

ar” &c. whence — (= ne = L) = x — 
3 4 * 

4 — — 2 * &c. the very ſame as be- 
2 3 4 1 

fore. 


But this ſeries, tho' indeed the moſt eaſy and 
natural, is of little uſe in determining the loga- 
rithms of large numbers; ſince, in all ſuch caſes, 
it diverges, inſtead of converging. It will be 
proper, therefore, to give, here, the invention of 
other methods, which authors have had recourſe 
to, in order to obtain. a ſeries that will always 
converge. 


Firſt, then, let the number whoſe logarithm 


you would find be denoted by ———; whete it is 


manifeſt (however great that number may be) 
* will be always leſs than unity: moreover, let 


1-+e|" (as before) be the term. of the logarith- 
mic progreſſion agreeing with the propoſed 


number, or, which is the ſame, let 1 + e — 
I 


: then, by taking the root on both ſides) we 


1 — F 


ſhall have 14e 


let the value of 
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(by making n = —= _— 7 2. 1 


m — 1 m — 2 

S. 5 > I 

jected in the factors m — 1, m — 2, &c. (as before) 

our equation will become 1+ e = 1 — mx — 

„ | . 

— — -— &c. whence x + — + — + — &c. 
3 2 ; * : &c 


x* — . 


xꝭ &c. where m being re- 


2 
e | 
=== =ne= the hyperbolic logarithm of . 


9 * — 


| I —x 
Which ſeries, it is manifeſt, will always converge, 

; X 
will be always leſs than unity. 

But it is further obſervable that this ſeries has 
exactly the ſame form (except in its ſigns) with 
that above for the logarithm of 1 + x; and that, 
if both of them be added together, the ſeries 2x + 
2.x3 2 - 20" , 
=”; + 2 + Je. thence ariſing, will be more 
ſimple than either of them; ſince one half of the 
terms will be intirely deſtroyed thereby. There- 
fore, becauſe the ſum of the logarithms of any 


two numbers is equal to the logarithm of the pro- 
duct of thoſe numbers, (/ee Article 1.) it is mani- 


2.x 


- 
feſt that 2x + 72 += &c. will uuly expreſs 


be ever ſo great; becauſe x 


the logarithm of S 1＋ X. Which 


| 1 —X l 
ſeries converges, ſtill, faſter than x + - + 7 &c. 


not only becauſe the even powers are here de- 


ſtroyed, but becauſe x, in finding the logarithm 
of any given number (N), will have a leſs value. 
3 we 


— 
—— — 
„ — — o - 


— ———— —— — F <9 a 
8 — —— — 


— ——— — - — _ = = 


— 


— 


| 
1 
1 
| 
f 
| 
| 
| 
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But now, to determine what this value muſt be, 
make 1+x =" Ns and then & will be found = 


1 —X 

N— 
Wz= = r; but if the quantity been be a fraction 
I + x 


(5 a) inſtead of a whole number, make O1 


1— & 


P—Q... 7 
and you will have & = ' either of which 
£ P+Q 
values, ſubſtituted in the foregoing ſeries 2x + 
3 1 
5 + kc. will give the hyperbolic W 
of the pektior number. 


Example. Let it be propoſed to find the hyper- 
bolic logarithm of * number 2. 
— 1 


Here being = £ 
ſhall have 


= 333333333 Kc. 
* (= 3x) = ,037037037 &c. 
x5 (=) = „004115226 &c 
* (= 3x5) = 5000457247 &c. 
* (= 3x?) = ,000050805 &c 
x" (= 54?) = ,000005645 &c. 
& (= ) = ,000000627 &c. 
* (= x3) = ,000000069 &c. 
&c. &c. 


Which values being reſpectivel divided by the 
numbers, 1, 3, 3, 7, 9, &c. and the ſeveral quo- 
tients added together, (ſee the general ſeries) we 
ſhall have 346573590 &c. whoſe double, being 
,693147180 &c. is the e logarithm of 
the number 2. 


" Aker 
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After the very ſame manner the hyperbolic lo- 
garithm of any other number may be determined ; 
but, as the ſeries converges, ſlower and flower, the 
higher we go, it is uſual, in computing of tables, 
to derive the logarithms we would find, by help 
of others already known; for which there are 
various methods ; but the following is the moſt 
commodious and ſimple, that has occurred to me, 
eſpecially, when a great degree of accuracy is re- 
quired, Ss 
It is thus. Let a, 5 and c denote any three 
numbers in arithmetical progreſſion, whoſe com- 
mon difference is unity; then, à being 2 - 1 
and c=b + 1, we ſhall have ac = b* — 1, and con- 


ſequently - —— EE 2 Whence, by the nature 


of logarithms, we likewiſe have 2 log. & — log. 


a — log. c = log. = 1: but the logarithm 


ac 


1 ; 2x 
— T5 = x, will be _ + 


ac + 
ac 


5 by putting 


of 


— 49 12 &c. (by what has been already 


3-:.-5 7 
ſhewn) : which being denoted by S, we ſhall 


log. 2 = 2 log. a ＋ 2 log. 428. 
have {og a 2 log. 2 — log. c — 5. | 
log. c 


. 


2 log. b — log. 4 — S. 
As an example hereof, let it be propoſed to find 


the hyperbolic logarithm of 3. 
Then, the hyperbolic logarithm of 2 being ot 
ready found = 4693147180 &c. that of 4, which 


is the double thereof, will alſo be known. There- 
fore, taking @ = 2, 6 = 3 and c = 4, we ſhall, in 


this 
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this caſe, have (= -) = Sands" = e 


whence 


* (= 47) = ,058823529 &c. 


* (= 289 = 5000203542 &c. 
* 
* (= 289 = * &c. 
&c. &c. 


3 * 
Therefore 3 8 (* +5 +>&c.)=,058891517 &c. and 
byp. log. 2 + byp. log. 4. 


2 


conſequently hyp. log. 3. 


+ +S) = 1,098612288 &c. 
2. Let the hyperbolic logarithm of 10 be re- 
quired. : 
The logarithms of 8 and 9 being given, from 
thoſe of 2 and 3 (already found), à may, here, be 


=8, b=9g and c=10; and then == - )being 


I | xa oF 
= == we ſhall have 4 8 (x + 7 TT &c.) 


,006211180 &c, + ,000000079 &c. &c. = 
,006211259 &c. 
And therefore log. 10 (2 log. 9 — log. 8 — S) 
= 2,302585092 &. | 
Hitherto we have had regard to logarithms 
of the hyperbolic kind : but thoſe of any other 
kind may Be derived mo x0 by, 8 
lying by the proper multiplicator, or 0 
, us, in . (or common) form, where 
an unit is aſſumed for the logarithm of 10, the 
logarithm of any number will- be found; by mul- 
tiplying 


I 
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tiplying the hyperbolic logarithm of the ſame [| 
number by the fraction ,434294481 &c. which is | 
the proper modulus of this form. 

For, ſince the logarithms of all forms preſerve | 
the ſame proportion with reſpect to each other, it | 
will be, as 2,302555092 &c. the hyperbolic log. | | 
of 10 (above found) is to (H) the hyperbolic | 

' 


logarithm of any other number, ſo is 1, the 


an . 
common logarithm of 10, 00 —) 
2,302585092 &c. [ 
H x ,434294481 &c. the common logarithm of [ 
the ſame number. | 
But (to avoid a tedious multiplication, which | | 
will always be required when a great degree of 1 
accuracy is inſiſted on) the beſt way to find the x 
logarithms of this form is from the ſeries 2x + | 
| 

[1 

| 

| 


15 ＋ 2 &c. x O, 43429448 1 &c. which expreſſes 
the common logarithm of + * (by what has been 
| 1— K 
already ſhewn), and which, by making R =— 
5868388963 &c. will ſtand more commodiouſly 4x 
N Ry? IS 
thus, r * Fete: 
For an example hereof, let the common _.. '8 
garithm of 7 be required: in which caſe (the lo- | 
garithms of 8 and 9g being known, from thoſe of 2 * 
and 3), we ſhall have log. 7 = 2 log. 8 — log. g {1 
Rx? , Rx* | 
s (by the Theor.), S being = Rx +5- + —— | 
| 


&c. (= the common log. of b. ndr ===) 1 


| 64+ 63 
G N 


@ 


Rx 


— A — — 
— Py - — 
— 
— - - 
ws — _— 
* - » —_—— — . - — — = _ — — — — — 
-. 4 "I - 1 — — * 


—— 2 — — — ) — —— —— — re et — cn w—,- 
. —— — : 
— — - Be — — —— — 


„c 


— — Os eo ——— — 
. - * 


— OG — — 


9 — — 
— 


ads ˙ <AeemRw_ — — - - 


— — 


: 
ͤ— n oo woe —- oo 


_ 


3 


LE Rx? R | 

Conſequently 8 (Rx + ＋ + = &c.) = 
„0068 39424 &c. and 2 log. 8 — log. 9 - S = 
845098040 &c. = the common logarithm of 7, 
required. But the ſame concluſion may be brought 
out by fewer terms of the ſeries, if the loga- 


rithms of the three firſt primes 2, 3 and 5 be ſup- 


poſed known; becauſe thoſe of 48 and 30 (which 
are compoſed of them) will likewiſe be known; 
from whence the logarithm of 7 (= log. 49 = 
log. 48 + log. 50 + 8 
4 
&c. (as before) which value will be true to 11 
places of figures by taking the firſt term of the 
ſeries, only, 5M 
Again, let the common logarithm of the next 
prime number, which is 11, be required. Here 
a may be taken = 10, 5 = 11, and c = 12 ; but 
fewer terms of the ſeries. will ſuffice, if other 
three numbers, compoſed of 11 and the inferior 
primes, be taken, whereof the common difference is 
an unit. Thus, becauſe 98 = 2x7 x7, 99= 3 x 
x 11 (9x11), and 100 = 2x2 x * (or 10 * 10), 
fo there be taken a=98, += 99, and c = 100; and 
then, by the firſt term of the ſeries only, the log. 


will come out =, 84509804 


of 99 will be found true to 14 places; whence that 


of 11 (log. 99 — log. 9) is alſo known. | 
. | 7 | But 


— on 


wm „% © 
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But notwithſtanding all theſe artifices and com- | 

ndiums, a method (ſimilar to that in page 18.) Wy 

for finding the logarithms of large numbers, one 
from another, by addition and ſubtraction, only, 


ſtill ſeems wanting in the calculation of tables ; I 
ſhall, therefore, here ſubjoin ſuch a method. 


1. Let A, B and C denote any three numbers in 
arithmetical progreſſion, not leſs than 10000 each, 
whereof the common difference is 100. 


| 2. From twice the logaritom of B, ſubtract the 
ſum of the logarithms of A and C, and let the 
. remainder be divided by 10000. 


4 
1 
1 
1 
1 


3. Multiply the quotient by 49,5, and to the 
product add 5+ part of the difference of the 
logarithms of A and B; then the ſum will be 
= exceſs of the logarithm of A + 1 above that 
of A. | 


———ͤ—ñ ũ ͤ —— — — — — > — — — — 


4. From this exceſs let the quotient (found by 
Rule 2.) be continually ſubtracted, that is, firſt from 
the exceſs itſelf, then from the remainder, then 
from the next remainder, &c. &c. 


— bs. — — 


TY = WS * D * 
— — — 
- — ———— 4 —5*ðt] — N — — 
= " AW.” _ = - 4% a — — 


tr - 

© 5. To the logarithm of A add the ſaid exceſs, 1 
tand to the ſum, add the firſt of the remainders; '* 
r to the laſt ſum add the next remainder, &c. &c. | 
r then the ſeveral ſums, thus ariſing, will exhibit the 

Ss WH logarithms of A+1, A+2, A+3, &c. reſpec- 

x Wl tively. 

7 

d Thus, let it be propoſed to find the logarithms 

of all the whole numbers between 17900 ay 

t 18 100; thoſe of the two extremes 17900 af 


18100, and that of the mean (18000) being en. 
„ Then 


— 
et 
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Then the A A 10 Ta 


50 


B equal 4 4, 25527250 
rithm of C Ito $8518 78575 


we ſhall have 2 log. D log. A = log. C _ 
10000 


i 


»000000001 34 (ſee Rule 2.) which multiplied by 
49,5, and the product added to log. B — 


gives ,00002426107 for the exceſs of the lo- 
garithm of A'+ 1 above that of A (by Rule 3.) 
From whence the work, being continued according 


to Rule 4 and 5, will ſtand as follows : 


2000024 


26107 exceſs, 
134 

25973 1 rem. 
134 

25839 2' rem. 

134 

25705 35 rem. 

134 

25571 4 rem. 

134 

25437 5 rem. 

134 

25 303 6 rem, 
134 

25169 7" rem, 
1.34 

25035 80 rem, 
134 

24901 9 rem. 
134 


; &c. &c. 


425 


| 394708204 


| 307133239 


2853031 


2425973 


1] 290155180 log. 


2425839 


292581019 log. 


2425705 
295000724 
2425571 
297432295 
2425432 
299857732 
2425393 
392283035 
2425 169 


2425035 


2424901 


| 24707 10" rem. 


309558140 1 ** 


log. 17900 
2426107 exceſs. 


| | 287729207 log. 17901 


log; 


1790 
17907 
17905 
1790 


a Note, 


17902 
1790} 
17904 
1790s 


Jol 


J03 
904 
909 
gob 


90] 


god 


Jol 
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, Note, The logarithms found according to this 
method, in numbers between 10000 and 20000, are 
true to 8 or 9 places of figures: thoſe of num- 


bers between 20000 and goooo err only in the gh 
or 1o place; and thoſe of above 50000 are true 


| to 10 places, at leaſt, 


Having explained the manner of conſtructing a 
table of logarithms, and that by various methods, 
I now come to ſhew the uſe of ſuch a table in the 


buſineſs of trigonometry, 
Firſt, in the right- 
angled plane triangle 
ABC, let there be given 
the hypothenuſe AC = 
17910 feet, and the an- 


C 


gle A = 35 207; to find 
the pe icular BC and R 
the baſe AB. A 


Here, becauſe radius: fine 35 20”: : 179 10: BC 
(by Theor. 2. p. 6.) we have BC D ; 
therefore, becauſe the addition and ſubtraction of 
logarithms anſwers to the multiplication and di- 
viſion of the natural numbers (ſee p. 38, 39.) we 
have log. BC = log. fine 35* 200 + log. 17910 — 
log. radius. LY 1 

But, by the tables of artificial, or logarithmic, 
ſines *, the log. fine of 35* 20“ will appear to be 
9,7621775; to which add 4, 2330956, the log. 
of 17910, and from the ſum (14, 0192731) take 10, 
the log. of radius, and there reſults 4,0182731 
= the log. of BC; which, in the tables, anſwers 
to 10358, the length of BC required. 


3 table of artificial fines is nothing more than a table of the 
logarithms of the numbers expreſſing the natural ſines, to the radius 
10000000000 3 whoſe logarithm is 10. 


2. - Again, 


52 The Application of Logarithms. 

Again, for AB, it will be, as radius: ſine of C 
(54* 400%) :: AC (17910) : AB (by Theorem 2.) 
Whence, by adding the logarithms of the ſecond 

and third terms together and ſubtracting that of 
the firſt (as above), we have AB = 14611. See 
the operation. 


Log. radius - - - - 10, 
Log. fine C (54* 400) 9,9115844 
Log. AC (17910) - 4,2530956 


Log. AB = 14611 - 4,1646800 


Moreover, in the ob- 
lique plane triangle ABC, 
let there be given AB = 
75, AC = 60, and the in- 
cluded angle A = 48*; 
| to find the other two an- 
A B gles. Then (by Theorem 


5.) it will be, 
As AB + AC (135) its log. 2,1303338 


C 


is to AB—AC (15) its log. : 1,1760913 
C+B 


ſo is 3 {66*) - = - - 10,3514169 
11,5275082 

8 8 
to the T. = 14* oof 9,397 1744 


Which 14* added to 66*, the half ſum of the 
angles C and B, gives the greater C = 80 ; and 
ſubtracted therefrom, leaves the leſſer B = 52*. 


Laſtly, 


» © Wer 


S 7 
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Laftly, in the right- C 
angled ſpherical triangle | 
ABC, let there be given 
the hypothenuſe AC = @£& 
60?, and the angle A = 
23* 29/ ; to find the baſe | B 
and perpendicular. Then 
(by Theor. 1. p. 25.)the operation will be as follows: 


Log. radius - - = - - - « - IO, 

Log. ſine A (23 29) 9,6004090 
Log. ſine AC (60 - - - - - 9,9375306 
Log. ſine BC = 20® 11/7 - - - - 9,5379396 
Alſo, log. radius - - - - - - - 10, 

Log. Co- ſ. A (235 297) 9,9624827 
Log. T. AC (60% - - - - - 10, 2385606 
Log. T. AB 57 490 - - 10, 2010133 


Having exhibited the manner of reſolving all 
the common caſes of plane and ſpherical triangles, 
both by logarithms and otherwiſe; I ſhall here 
ſubjoin a few propoſitions for the ſolution of the 
more difficult caſes which ſometimes occur ; when, 
inſtead of the ſides and angles themſelves, their 
ſums, or differences, &c. are given. 


ProPoSITIiON I. 


The fine, co-fine, or verſed fine of an arch being 
given, to find the fine and co-fine, &c. of half that 
arch, | 


E 3 From 
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| From the two ex- 
tremes of the diameter 
AB, let the chords AE 
and BE be drawn, and 
let the radius CQ biſect 
B CFA AE, perpendicularly, in 
D (Vid. I. 3.) ; then 
will AD be the fine, and CD the co- ſine, of the 
angle ACD, or ACE. 
But 4AD* = AE* (by Cor. 1. to 6. 2.) = AB x 
AF (by Cor. to 19. 4.) = 2AC x AF; whence AD* 
TAC xXx AF: alſo 4CD* = BE* = AB x BF = 
2AC x BF; whence CD = ZAC x BF. From 
which it appears, that the ſquare of the fine of half 
any arch, or angle, is equal to a rettangle under half 
the radius and the * fine of the obo and that 
the ſquare of its co-fine is equal to a rettangle under 
balf the radius and the verſed fine of - the ſupplement 
of the whole arch, or angle. 


Por. II. 
The fines and co: ſines of two arches being given, to 
find the fines, and the co-fines, n and differ- 


ence of theſe arches. 


D LetAC and CD 

0 (SBC) be the two 
5 E arches; 

let CF and OF be 


the ſine and co- 
ſine of the greater 
AC, and let D 

Bu) and Om, be 


N 


60 


thoſe of the leſſer CD (or BC): moreover, let DG 
and OG be the fine and co- ſine of the ſum AD; 
and BE and OE, thoſe of the difference AB. Draw 
mn parallel to CF, meeting AO in n; alſo draw 8 


— 


. "me 


0. I 


x. 

2 
f 
if 
L 
r 
it 
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and BH parallel to AO, meeting GD in v and H: 
then it is plain, becauſe Dm = Bm, that Do is = 
Hv, and mv n = En; and that the triangles 
OCF, Omn and „Do are fimilar ; whence we have 
the following proportions, 


OC: Om::CF:mnJ,, (mm x OCS ON CF. 

OC: OF :: Dm: Dv 8 Dv x OC = Dm x OF, 

OC: OF :: Om: Ox#( &= ) On x OC = On xOF, 

OC: CF ::Dm:mv ) (n OC S Dux CF. 
Now, by adding the two firſt of theſe equations 
together, we have m + DS x OC (DG x OC) = 
Om x CF + Dm x OF; whence DG is known. 
Moreover, by taking the latter from the former, 
we get mn — Dv x OC (BE x OC) = Om x CF — 
Dm x OF; whence BE is known. 

In like manner, by adding the third and fourth 
equations together, we have On + mv x OC(OE x 
OC) = Om x OF Dm x CF; and, by ſubtract- 
ing the latter from the former, we have On—mv x 
OC (OG OC) = On x OF — Dm x CF; whence 
OE and OG are alſo known. 2, E. J. 


CoRoOLLARY I. 


Hence, if the fines of two arches be denoted 
by S and 5s; their co-ſines by C and c; and radius 
by R; then will NT 


the fine of their ſum = Sc + E. 


the ſine of their difference = == — , 


Cc — Ss 


the co- ſine of their difference . L. 


E 4 CoroL- 


the 8 of their ſum = 
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CorRoLLARY II. 


Hence, the fine of the n either arch 
2 


(when they are Any will be = D and its co- 
ſine = —C ==; : Whence it appears, that be fine of 


the double of any arch, is equal to twice the reftangle 

of the ſine and co-ſine of the ſingle arch, divided by 

radius; and that its co-fine is equal to the difference 

| of the ſquares of the ſine and co-/ine of we * 
arch, alſo, divided by radius, 


CoRoLLARY III. 


Moreover, becauſe Dm x CF = OC x OC 
x EG = ZOC x OE— OO); and Om x OF = OC x 
On (OC x 20 OC x OE + OG), it follows, 
that the reftangle of the fines of any two arches 
(AC, CD (BC) is equal to à rectangle under half the 
radius, and the difference of the co-ſines, of the ſum 
and difference of thoſe arches ; and that the reflangle 
of their co-fines is equal to a reftangle under half the 
radius, and the ſum of the co-ſines, Y the ſum aud 
difference of the ſame Sabah. 


REEL III. 


The tangents of two arches being given, to find 
3 tangents of the Jum, and di erence, Y 20 
arches, © 
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Let AN ar. d 
AM be the two 
arches, and AB B 
and AC their N 
tangents; alſo F 
let NE be the 
tangent of their 
ſum, in the firſt D WM 
caſe, and the | D 
tangent of their difference, in the ſecond, and 
let CF, perpendicular to the radius DN, be 
drawn: then, becauſe of the equiangular rriangyes 
BAD [1 12 we ſhall have 

x CF.= DA x BC 

BD x BF = BA x 80 155 24 1 
Take each of the laſt equal quantities from BD, 
and there will remain BD* BD x BF (BD x DF) 
= BD* — BA x BC: now BD x DF (BD* — BA 
x BC): BD x CF (DA x BC) :: DF: CF :: DN 
(DA): NE : : DA“: DA x NE,; whence, alter- 
nately, BD* — BA x BC: DA* (: DA x BC: DA 
* NE) :: BC: NE. But the firſt term, of this 
portion, becauſe BD* = DA* + BA, will alſo 
expreſſed by DA* + BA! — BA x BC, or by 
DA* + BA* — BA AB + AC; or, laſtly, by, 
DA! ＋ . BA x AC: therefore, the three firſt terms 
of the proportion being known, the fourth NE will 
likewiſe be known. 2. E. I. | 


"COROLLARY. 


Hence, if radius be ſuppoſed unity, and the 
tangents of two arches be denoted by T and t, it 
follows, that the tangent of their ſum will be = 
T +7 
i=T 
T— 


TIN 8 


and the tangent of their difference 


8 Properties of 

But, it will be proper to take notice here (once 
for all) that, if in theſe, or any other theorems, 
the tangent, ſecant, co - ſine, co-tangent, &c. of 
an arch greater than go degrees be concerned; 
then, inſtead thereof, the tangent, ſecant, co - ſine, 
&c. of an arch, as much below go degrees, is to 
be taken, with a negative ſign ; according to the 


obſervation in . | 
A— el WM Thus, for inſtance, let 
BA be an arch greater 
than go®, and let the 
_ tangent. of the ſum of 
Ag and AC be required; 
3 B ſuppoſing T to repreſent 
the tangent of AD (the ſupplement of AB) and : 
the tangent of AC: then, by writing — T inſtead 
of T, in the firſt of the foregoing theorems, we 


1+#T 2 


ö ve theorem demonſtrated in the ad 


' Proe. IV. 


As the ſum of the tangents of any Iwo angles 
BAC, BAD, #zs to their difference, ſo is the fine of 
the ſum of thoſe angles, to the fine of their dif- 
Joes. . ab 


Sinel, n. Oc. 


Let BC. and BD 
be the two pro- 
| tangents, to 
radius AB 3 
take Bd = BD, 
join Ad, and draw 
DE and dF per- 
ndicular to AC. f 
t is manifeſt, be- C 7 B D 
cauſe Bd = BD, 
that Ad = AD, and dAB = DAB, and. conſe- 
quently, that CAd is the difference of the two 
angles BAC and BAD. 

w, by reaſon of the ſimilar triangles CDE 

and Cd, it will be, CD (CB + BD) : Cd (CB — 

BD) : DE dF; but DE and dF are fines of 

DAE ad dAF to the equal radii AD and Ad: 
whence the truth of the propoſition is manifeſt. 


"COROLLARY. 


Hence it alſo appears, that the baſe (CD) of a 
plane triangle, is to (Cd) the difference of its two 
ſegments, (made by letting fall a perpendicular), 
as the fine of the angle (CAD) at the vertex, 
to the ſine of the difference of the angles at the 


baſe: 


Proe. V. 


In any plane triangle ABC, it will be, as the ſum 
of the tuo ſides plus the baſe, is to the ſum of the 
two fides minus the baſe, ſo is the co-tangent of half 
either angle at the baſe, to the tangent f _— the. 
other angle at the baſe. 


- 0 - 
OO In 


OD OY ů — ——ñ 
— A ˙¹wöm ˙⁰-m K , — 


A 


. 
— AB 


* * 
C 


Por. 


. In any plane triangle ABC, it will be, as the baſe 
plus the difference of the two ſides, is to the baſe 
minus the ſame difference, ſo is the tangent of balf 
the greater angle at the baſe, to the _ of * 


= 90“ — 2A) : tan 
(Wm — CBD 


| 2 : 


> 
"4 2 


will be 
P. 8.) AB + AD: AB — AD 2 


| Di DBA. CBD — - DBA _ * 


Properties of 


L 


In AC produced, take 
CD = BC, and let BD be 
drawn : then (by Theor. 5. 


p. 8.) it will be, AD * 


AB: AD — AB : : tang. 
ABD + D 180% — A 


2 2 


—³298t— 


2 2 


— ABC\ that is, Ac BCA AB: AC4-BC 
:: co-tang. 1A: . LA E. D. 


VI. 


In «a lefler ſide CA, 
oduced, take CD = 
CB, ſo that AD may be 
the difference of the two 
ſides; and let BD be 
drawn: then it is mani- 
feſt that the angle CBD 

equal to D: but 


= == — (oy 9. 1. N: tangent 


—.— 


2 


RE 5. 


Dd; PRO p, 
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Proe. VII. 


As the baſe of any plane triangle ABC, is to the 
ſum of the two fides, ſo is the fine of half the ver- 
tical angle, to the co-ſine of half the difference of the 
angles at the baſe. | 


In Ac, produced, 
take CD = CB; join 
B, D, and draw CE 
parallel to AB, and CF 
perpendicular to BD. 
ince CD = C;, | 3 
therefore is the angle A B 
D = DBC (&y 12. 1.) and, conſequently, half 


the vertical angle ACB = — 1 — (by 9. 1.) 


= D. | 
Moreover, ſeeing DCB is = the ſum of the 
angles A and CBA, at the baſe (by 9. 1.) it is 
evident that BCF (or DCF) is equal to half that, 
ſum ; and, therefore, as EC is the exceſs of the 
reater ABC = BCE (by 7. 1.) above the half 
um .(BCF), it muſt, manifeſtly, be equal to 
_ the difference of the ſame angles A and 

BA. | g 

But (y Theor. 3.) AB: AD (AC + BC) : : fine 
D (4ACB) : ſine ABD = ſine CED (by Cor. 1. to 
7. I.) = fine FEC = co-ſine ECF. E. D. 


Por. VIII. 


As the baſe of any plane triangle ABC, is to tbe 
difference of the two ſides, ſo is the co-fine of balf 
the vertical angle, to the fine of half the difference 
of the angles at the baſe. 1 
1 1 1 n 


Properties of 
In the greater ſide CA 
let there be taken CD = 
CB, and let BD be drawn, 
and likewiſe CE, per- 
pendicular to BD. Fe is 
manifeſt, becauſe CD = 
CB, that CDB and CBD 
are equal to one another, and chat each of them is 
alſo equal to half the ſum of the angles CBA and A 
at the hace (by Cor. 2. to 10. 1,) ;; therefore ABD, 
being the exceſs of the greater CBA above the half 
ſum, muſt conſequently be equal to half * dif- 
ference of the ſame angles. 
But (by Theor. 3.) AB: AD (AC— BC) :: 
D (co - ſine DCE, or 2 C): ſine ABD. LE. B. 


PRO P. IX. 


As the difference of the two ſides AC, BC, of 6 a 
plane triangle, is to the difference of the ' ſegments of 
the baſe AQ, BQ (made by letting fall a-perpendi- 
cular from the vertex), ſo is the fon of half the ver- 
tical angle, ta the co-ſine of half the 8 of 


the —_ at the baſe. 


C For AC—BC: AQ | 
BQ :: AB : AC C 

(by 9. 2. and 10. * : ſine 
— A 


2 COMB 
B 2 | 2 
(by Prop. 7.) . E. D. 


PROP. X. 


As the ſum of the two fides of a plane triangle, is 
to the difference of the ſegment of the baſe (ſee the 
preceding figure), ſo is the co-fine of half the vertical 
angle, to the fine of half the IEP? of — angies 
at the baſe. | 

* 3 | 4 Fe or, 
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For, AC + BC: AQ—BQ :: AB: Ac - BC 
(by 9. 2. and 10. 4.) :: co-ine of Y fine of 


— (by Prop. 8.) 2. E. D. 


PR Op. XI. 


A the tangent of the vertical angle C of a plane 
triangle ABC, is to radius, ſo is half the baſe AB to 
a fourth proportional; and as half the baſe is to the 
exceſs of the perpendicular above the ſaid fourth- 
proportional, ſo is the fine of the vertical angle, to the 
co: ine of the difference of the angles at the baſe. 


Let ABCD be a circle 
deſcribed about the tri- 
angle, and from O, the 
center thereof, let OB and 
OC be drawn ; moreover, 
draw CD parallel to BA, 
meeting the periphery in 
D, and EOF, perpendicular | 
to AB, meeting DC in KE. 14 0 
Then it is evident, that EF will be equal to the 
perpendicular height of the triangle, EOB equal 
to the vertical angle ACB, and FOC (= DAC) 
equal to the difference of the angles (ABC and 
BAC) at the baſG. Wy | 

But (by Theor. 2.) as tang. EOB (ACB) : ra- 
dius:: EB (ZAB): EO; moreover, as EB: OF 
(EF — EO) : : ſine EOB (ACB) : fine OCF, or 
co-fine of FOC. 2. E. D. | 


i a 
= 


— 
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Proe. XII. 


As the tangent of the vertical angle, of a plant 
triangle ABC, is to radius, fo is the baſe AB to 4 


fourtb-· proportional; and, as the ſaid fourth-propor- 


tional, is to the ſum of the ſemi-baſe and the l 
Biſetting the baſe, ſo is the difference of theſe two, to 
the perpendicular height of the triangle. 


Let x til be Gettin 


O, the center thereof, let 
OA, OC and OD be drawn; 
alſo let CF, parallel to AB, 


| is evident that DF will be 
perpendicular to AB, and equal to the height of 
the triangle. But DC* = OC* + OD! + 20D x 
OF (by 11. 2.) = OA* + OD*+ 20D BF OD 
= OA* —, OD* +- 20D x DF = AD* ＋ 20D 
x DF (by 7. 2.); whence, by taking away AD* from 
the firſt and laſt of theſe equal quantities, we have 
DC*—AD*= 2ODxDF; or DC+AD x DC—AD 
S2 20D x DF (by 7. 2.) and therefore 20D : DC 
+ AD :: DC - AD: DF; but (by Theor. 2.) 
as the = AOD = ACB (& 10. 3.) : to radius (:: 
AD : M:: 20D. LEAD. 5: 


Prxoe. XIII. | 
As twice the reftangle under the baſe and perpen- 
dicular of a plane triangle ABC, is to the red angle 
under the ſum, and difference, of the baſe and ſum of 
the two fides ;, ſo is radius, to the co-tangent of balf 
the vertical angle. 


Let 


about the triangle, and from 


be drawn, meeting DO, pro- 
duced (if need be) in F. It 
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Let HG, perpendicular ( | 
ro AB, be the diameter 
of a circle deſcribed about 


* 
the triangle; and let HD 
and Hd be perpendicular 


to the two ſides of the FAY, " 
triangle ; alſo let CF be A 4 
parallel to AB, and let 

HA, HB and HC be H 


drawn. 


Since the diameter AG is perpendicular to AB, 
therefore is AE = BE (Sy 2. 3.) AH = BH, and 
the angle ACH = BCH (by 12. 3.); whence, alſo, 
CD = C4, and HD = Hd (by 15, 1.) Therefore, 
the right- angled triangles HAD 5 H Bad, having 
AH = HB and HD = Ha, have, likewiſe, AD 
= Bd (by 15. 1.) From whence it is manifeſt, that 
CD will be equal to half the ſum, and AD equal 
to half the difference, of the two ſides of the tri- 
angle.. Moreover, becauſe of the ſimilar triangles 
AEH-: and HCD, it will be, AE“: CD* :: HA 
= HB. HG (Dor. to 19. 4.) HC* (HF x HG) 
: HE: HF ( K diviſion, &c. 
Ak- D. — AE NE EF: "He x AE: EF 
x AE; therefore, by inverſion and alternation, EF 
AE: CD; — AE* (CD+ AE x CD—AE) :: 
HE Xx AE: AE. HE: AE : : radius: co-tang. 
EAH (ACH, by Theor. 2.): whence the truth of 


700 gn is manifeſt. 


% we  % & WEE EU = „% ͤ | $r. 4. co... Hi SR 


PRO p. XIV. 


"+; tww1, ce the rectangle of the baſe and perpendi- 
cular of a plane triangle ABC, is to the refangle 
under the ſum, and difference, of the baſe and the 
difference of the two ſides; ſo is radius, to the tan- 
vent 52 baif 4 we vertical angie. | 


+ 2 Let 


% 
mes” 
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W 
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Let the preceding figure and conſtruction be re- 
tained; and let AG and CG be drawn. The tri- 
angles AHD and GHC (being right-angled at D 
and C, and having HAD = HCC ( 11. z.) 
are equiangular; and ſo AD: GC:: AH: HG:: 
AE: AG (by 19. 4.); whence, alternately, AD: 
AE ::GC: AG and AD* : AE* :: GC* (GF x 


HG): AG* (GE «x HG) :: GF: GE; therefore, 


by diviſion, &c. AE* — AD: AE*:: EF: GE: 
EF x AE: GE x AE; whence, again, by alterna- 
tion, &c. EF x AE: AE* — AD* (AE AD x 
AE — AD) :: GE x AE: AE: : GE: AE :: ra- 
dius : tang. AGE (by Theor. 2.); from which the 
truth of the - propoſition is manifeſt, 


ProP. XV. 


If the relation of three right-lines a, b and x, be 
ſuch, that ax — x* = b* ; then it will be, as fa: b 
: radius to the fine of an angle; and, as radius, 
to the tangent (or co-tangent) of balf this angle, ſo 


ig b: x. 


. agar og» wo 

1 et a ſfemi- 

N 1 ADB be deſcribed; 

B alſo let CD, equal to 6, 

A O © /} be perpendicular to AB, 

and meet the periphery 

in D (for it cannot exceed 

_— the radius of the circle 

when the propoſition is poſſible) : moreover, let 

AD, BD, and the radius OD, be drawn. Becauſe 

AC x CB = CD*= (Y Cor. to 19. 4.) it is plain 

that ACXa — AC, or BC Xx a— BC is alſo = #5; 

and, therefore, x x. @ — x being = &, it is manifeſt 

that x may be equal, either, to AC, or to BC. 7 
| 2 et | 


— 


KA 2X" 
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(by Theor. 1.) OD (a): CD (6) :: radius : fine 
| DOC; whoſe half is equal to A, or BDC 
(by 10. 3.) But, as radius: tang. BDC :: DC 
(b) : BC or, as radius: co-tang. BDC (tang, 
CDA) :: DC (: AC. 2. E. O. 


, PRO P. XVI. 

s If the relation of three lines, a, b and x, be ſuch, 

K that x* + ax = b'; then it will be, as 3a : b:: 
radius to the tangent of an angle; and as radius is 

L to the tangent, or co-tangent, of half this angle (ac- 


cording as the ſign of ax is poſitive or negative) :: b: x. 


Make AB = 3, and AC, 
ndicular to AB, equal 
to 4; about the latter of 
z Which, as a diameter, Jet a 
b circle be deſcribed z and, 
, chro O, the center thereof, 
70 let BD be drawn, meeting 
the 0 in E and D; 

alſo let A, E. and C, E be | 
a, oined, and draw BF parallel to AC, meeting AE, 
ni. produced, in F. Then, ſince (by 22. 3.) BE x BD 
d; (=BE x BE+2=BD x BD — 4) = AB* (4) 
„and x Xx x + a , by ſuppoſition, it is manifeſt, 
\B, chat BE will be = x, when K Xx x +@ =#*; and 

BD = x, when x Xx — 2 2 . 

Furthermore, becauſe the angle F = OAE ( 
7. 1:) = OEA (by 12. 1.) = BEF (by 3. 1.) it is 
evident that BF = BE (by 18. 1.) and that the 
angles BAF and C (being the complements of the 
equal angles F and OAE) are likewiſe equal. 

Naw (by Theor. 2.) AO (4a: AB (b) :: radius: 
tang. AQB ; whoſe half is equal to C, or BAF 
(by 14. 3.) But, as "OT tang. BAF : : AB 92 

3 B 
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: BF (BE), the value of x in the firſt caſe, where 
** + ax = . Again, radius: co-tang. BAF 
(tang. F) :: BF (BE): AB (by Theor. 2.); and BE 
: AB :: AB : BD (6y Cor. to 22. 3. and 10. 4.); 
whence, by equality, radius: co-tang, BAF : : AB 
(b) : BD; which is the value of x in the ſecond 
caſe ; where x* — ax = b*, 9, E. D. 


_— —_ 11 * * 


PRO. XVII. 


In any plane triangle ABC, it will be, as the line 
CE biſedting the vertical angle, is to the baſe AB, ſo 
is the ſecant of half the vertical angle ACB, to the 
tangent of an angle; and, as the tangent of half this 
angle is to radius, ſo is the fine of half the vertical 
angle, to the fine of either angle, which the biſecting 
line makes with the baſe, 


Jos Oo =» a 


Let ACBD be a circle de- 
ſcribed about the triangle, 


58 * | ti 

* | and let CE be produced to 8 
meet the periphery thereof 

\ 1 in D; moreover, let AD F 
A g and BD be drawn, and like- 

N. L 

Wo? Via a 

1 


wiſe DF, perpendicular to 
5 the baſe AB; which will, 
alſo, biſect it, becauſe (BCD 
being = ACD) the ſubtenſes BD and AD are equal 
(by 10. 3.) Moreover, ſince the angle DBE = 
ACD (by 12. 3.) = DCB, the triangles DEB 
and DBC (having D common) are equiangular, and 
therefore DE x DC = DB* (by 24. 3.) or, which is 
the ſame, DE* ＋ DE x CE = DB*. Therefore (by ( 
Prop. 16.) CE: DB :: radius: tangent of an D 
angle (which we will call Q); and, as radius: 
tang. 4Q :: DB: DE. 15 we 8 
ut DB : BF (ZAB :: ſecant FBD (BCE): E 
radius; therefore, by compounding this, with the 
| CC 
DN; A 


— 
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firſt proportion, we have, 1 CE x DB : AB X DB 
: radius x ſecant BCE: radius x tang. Q ( 10. 
4.) and conſequently CE : AB : : ſecant BCE: 
tang. Q (by 7. 4.) Again, DE: DB:: ſine DBE 
(BCE) : fine of DEB (or of CEB); whence, by 
equality, tang. 20: radius :: ſine BCE : fine 
CEB. Q, E. D. ' 


Proe. XVIII. 


In any plane triangle ABC, it will be, as the per- 
pendicular is to the ſum of the two ſides, ſo is the 
tangent of half the angle at the vertex, to the tan- 
gent of an angle; and, as radius is to the tangent of 
half this angle, ſo is the ſum of the two ſides, to the 
baſe of the triangle. 


Let DP, perpendicular P 
to AB, be the diameter Ee 
of a circle deſcribed about L _ 
the triangle; let CF be 9 
perpendicular to DP, and G 
DG to AC, and let DA, E 
DC and DB be drawn, and T A 'B 
alſo FI, parallel to BD, IN 
mag A, produced, "Þ 
oy 


It is manifeſt,. from Prop. 13. that CG is equal 
to half the ſum of the ſides AC and BC: it alſo 
appears, (from 7. 1. and Cor. to 12. 3.) that the tri- 
angles DCG, ADE, BDE and IFE, are all equi- 
angular. Therefore it will be, CG* : BE* : : DC 
(DF x DP): BD*(DE x DP) : : DF (DE +EF): 
DE:: BEL EI: EB :: BE + EI x BE: EB*; and, 
conſequently, CG* (= BE + EI x BE) = BE* + 
EI x BE. Bur, by Prop. 16. it will be, EI: CG 
: : radius : tangent of an angle (which we will 
call Q); and as radius: 21 rns: Fe 
— 3 5 * © 
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(:: 2CG, or AC ＋ BC, to AB). But (by Theor. 2.) 
EF: EI : : tang. I (ACD) : radius, therefore, by 
compounding this proportion with the laſt but one, 
we ſhall have, 4 El x EF: EI x CG: : tang. ACD 
Xx radius: tang. Q radius (by 11. 4.) and conſe- 
quently EF : 200 (AC BC) :: tang. ACD : 
rang. Q. MHhence the truth of the propaſition is 
manifeſt, 


ProPp. XIX. 


In any plane triangle ABC, it will i 4 as the per- 
pendicular is to the difference of the two ſides, ſo is 
the co-tangent of balf the vertical angle, to the tan- 
gent of an angle; and, as radius is to the co-tangent 
of balf ibis angle, od is the difference of the fides 10 
the baſe of the triangle, 


. 1 DP, Ds or: &e. 
as in the preceding pro- 
* I ſition ; a let PA "and 
bo C be drawn, and FI, 
rallel to PA, meeting AB 
* {\ 
The right - angled tri 
angles ABG and PPC, 
having DAG = DPC ( 5 
Cor. Fo 12. 3.) are ſimilar; 
and therefore, AG*: PC* : : AD* : DP® : : AE: 
AP! (by Cor. to 11. TY whence, teme 
BG: yp. 22 PC- (PF > 'PD) :AP* (P 
XxX Po) : PE +: Al: AE Al x AE: AE. 
(by 7. 4): ; 19 5 conſequently, AG* = = AI x AE = 
AE* — EI x AE. Therefore, by Prop. 16, EI: AG 
radius: tarigent of an angle (Q); and as ra- 
Abs} co tang. 4Q :: AG: AE. But (by Ther. 2.) 
EF : EI :: co-tang. EFI (ACD) : radius: 
which proportion —_ compounded with the — 
p ut 


| . 


[ "= a. — e A £: cr — 1 Ss — y— a ft. 


Fo 
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but one, &c. we ſhall have, EF: 2 AG (AC — BC, 
ſee Prop. 13.) :: co-tang. EFI: tang. Q; and as 
radius: co-tang. 2 :: AG: AE: : 2AG (AC — 

BC) : 2AE (AB). &. E. D. * 


PrRo?. X. 


The hypothenuſe AC, and the ſum, or difference, of 
the legs AB, BC, of a right-angled ſpherical tri- 
angle ABC, being given, to determine the triangle. 


ſum, and AF the 

difference of the 

two legs. Becauſe, | 

radius: co-f. AB 1 
: co- ſ. BC : co-ſ. 1 B 

AC (by Theor. 2.) 

therefore, co-ſ. AB x co-ſ. BC = rad. x co-ſ. 
AC; but the former of theſe is = + rad. Xx 
co-f.. AE + co. AF (by Corel. 3. to Prop. 2.) 3 
therefore 2 x co- ſ. AC = co-f. AE + co-1. AF. 
Whence it appears, hat, if from iwice the co-/ine 
of the hypothenuſe, the co-fine of the given ſum, 
or difference, of the legs, be ſubtraged, the re- 
mainder will be the co-fine of an arch which added 
to the ſaid ſum, or difference, gives the double of the 


greater leg required, 


COROLLARY. 


Hence, if the two legs be ſuppoſed equal to 
each other (or the given difference = o), then will 
the co- ſine of the double of each, be equal to twice 
the co-ſine of the hypothenuſe minus the radius. 


F 4 PRxor. 
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| Px or. —_ 


One leg BC and the ſum, or difference, of the 
hypothenuſe and the other leg AB being given, ta 
determine the hypotbenuſe (ſee the laſt figure.) 


Since rad, : co- ſine BC : : co-fine AB: co- ſine AC 
(by Theor. 2.), it will be (by comp. and div.) radius 
+ co-fine BC: rad. — co-f. BC : : co-1. AB + co-ſ. 
AC: co-f. AB — co- ſ. AC. But the radius may 
be conſidered as the fine of an arch of 90, or the 
co- ſine of o: and, therefore, ſince (by the lemma 
in p. 30.) co- ſine o co- ſine BC : co- ſ. o — co-ſ. 


a 2 | 2 
ſine AB + co-ſ. AC : co-ſ. AB — co-f. AC:: co- 
tang, AE; tang. — 2 ct ; it follows, by 


equality, that co-tang. BY : tang. = 22 co tang. 


AC 2 AB . tang, 2 = ; that is, As the. co- 


tang. of balf the given leg, is to its tangent 1 is 
the co-tang. of half the ſum of the bypothenuſe and 
ibe other leg, to the tangent of half their difference. 


BC : : co-tang. 


Proe. XXII. 


The angle at the baſe and the ſum, or difference, 
of the bypothenuſe and baſe, of a right- angled ſpbe- 
rical triangle being given, to determine the triangle. 


| Firſt, 


F TC a... % I" 28 


828 


have, co-tang. AC: tang. 
. $AC::S. A+ ACE: S. A- ACE; whereof the 
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Firſt, it will be, rad.: © 
e-L Ai: T. : T. AB 
(by Theor. 1.) and therefore — 
rad. 4 co-ſ. A: rad. — A | 
col. A:: T. AC + T. 
AB: T. AC — T. AB: B 
whence, by arguing as in the laſt Prop. it will ap- 
pear, that, co-tang. 4A : tang. 3A : : rad. + 
co- ſ. A: rad. — co-ſ, A (:: T. AC T. AB: T. 
AC -T. AB) :: S. AC ＋ AB: S. AC — AB ( 
Prop. 4.). Hence it appears, that, As the co-tan- 
gent of half the given angle, is to its tangent ,, ſo is 
the fine of the ſum of the hypothenuſe and adjacent 
leg, to the ſine of their difference. 


ProP, XXIII. 


* The bypothenuſe AC and the ſum, or difference, of 


the two adjacent angles being given, to find the 
angles. | 


Let EC be perpendicular C 
to BC; and then it will be, 
= :.co-L AC: TA: E 
T. ACE (H Theor. 5.) 
From whence, by reaſoning B 


as above, we ſhall, alſo, A 


two laſt terms, by ſubſtituting g0* — ACB for 
ACE, will become S. 90* + A — ACB (co- ſ. ACB 
Al and S. A+ ACB - o' reſpectively. Whence 
it appears, that, As the co-tangent of balf the by- 
pot henuſe, is to its tangent ; ſo is the co-fine of the dif- 


ference of the angles at the hypothbenuſe, to the fine of 


the exceſs of their ſum above à right-angle. 
| CoroL- 
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COROLLARY: 
Hence, if the angles be ſuppoſed equal, then it 
will be, as radius: tang. AC :: tang. ZAC: 
ſin. 2A — 900. 


ProePr. XXIV. 


In two right-angled ſpherical triangles ABC, ADE, 
having one angle A common, let there be given the 
two perpendiculars BC, DE and the ſum, or dif- 
ference, of the bypothenuſes AC, AE, to determine 
the triangles. | | 


It is evident ( from 
Theor. 1.) that S. DE: S. 
: f. AE. S. AC; 
therefore S. DE + S. BC 
:S. DE — S. BC: : S. AE 
+ 8. AC: 8. AE —8. 
AC : whence (by the 
lemma in p. 30. and equa- 

tang. — BC 2 2 tang. 
AE _ AC : that is, 


DE +BC . 


lich) tang. 
AE +AC 


: tang. As the tan- 


2 
gent of half the ſum of the two perpendiculars, is to 
the tangent of half their difference; ſo is the tangent 
of half the ſum of the two hypothenuſes, to the lan- 
gent of balf their difference. | 


PROF. XXV. 


In two rigbt- angled ſpherical triangles ABC, ADE, 
having the ſame angle A at the baſe, let there be given 
the ich perperdiculars BC, DE and the ſum or dif- 
ference of the baſes AB, AD, ts determine the baſes 
(fee the preceding figure.) TIME 1 

. ce 
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Since T. DE : T. BC :: S. AD: S. AB (25 
Theor. 4. and equality); therefore is T. DE + F. 
BC: T. DE—T.BC::S. AD 4 S. AB: S. AD 
— S. AB; whence; (by Prop. 4. and the lemma in 
P. 30.) it will be, S. DE + BC: S. DE —BC :: T. 
— 2 2 1. — that is, 

As the fine of the ſum of the two perpendiculars, is 
to the fine of their difference; ſo is the tangent of 
half the ſum of the two baſes, to the tangent of half 
their difference. 


PRO P. XXVI. 


The product of the ſquare of radius and the co-fine 
of the baſe of any ſpherical triangle ABC, is equal to 
the produtt of the fines of the two ſides and the co-fine 
of the vertical angle, together with the produtt of 
radius and the co-fines of the ſame fides. 


For let AD be perpendi- 
cular to BC; then, ſince co-1. 


BD = 
S.CBxS.CD-+co-f.CBxco-f.CD 


rad. 
(by Cor. 1.. to Prop. 2.) it is 
evident, that co-1; BD: co-ſ. 
D:: | _ 
S.CBXS.CD+co-l.CBxco-C.CD * 


rad. 


B 7 7 > » JOS 
: co-ſ. CD.: Ee ch: rad. (by 


mult. each term by rad. But. S. CD T. CD 


C 


be S. CB X To CD 


rad. + 


| co-;ſ. 


therefore our proportion will 


@-[CDJ coe rad-— 
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co-\. CB: rad. (: : co- ſ. BD: co- ſ. CD) : : co-f. 
AB: co-ſ. AC (by Corel, to Theor. 2.) whence, by 
multiplying means and extremes, we have co- ſ. 


AD „ n = S. CB „c _— NK . CD 4. 
| + 


co- ſ. AC x co-ſ. BC. But (by Theor. 1.) radius: 
sf Crt T. A ed EEE 


| rad. 
co.. C x S. AC ae 
A (H Corol. 1. Prop. 1.) which laſt 


being ſubſtituted for its equal, we ſhall have, 
co-ſ. AB x rad, = 2 <2 — _ 2 
co- ſ. AC X co-ſ. BC; from whence, if each term 
be multiplied by radius, the truth of the propoſi- 
tion will appear manifeſt. 

There is another way of demonſtrating this 
propoſition, from the orthographic projection of 
the ſphere; but that is a ſubject which neither 


room, nor inclination, will permit me to treat of 
here. | 


TIT» mn. = 


ProePp. XXVII. 


If AE be the ſum, and AF the difference, of the 
two ſides of a ſpherical triangle ABC, and V be put 
to denote the verſed fine of the vertical angle, and R 


the radius ; then will V = R* x co-ſ. AF — c-/. AB 
S. AC x S. BC 
2 R X co. A — co.. AB 
Sal == 6 AF — co. AE 
— 2R x S. ZAB + +AF x S. ZAB — AF 
5 WP 4 oe . 


It 


Aw * 
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It appears from the laſt 
Prop. that co- ſ. AB Xx R is 
= co-ſ. AC x co-ſ. BC + 
S. ACER EA, 


og 
in which, for co- . C let 
its equal R — V be ſub- 
ſtituted, and then we ſhall 
have co-ſine AB x R = 
co-ſine AC x co-fine BC 
x: ſine AC - fine BC — 


R 


ſum of the two former of the three laſt terms 10 
= co- ſ. AF x R (o Cor. 1. to Prop. 2.); there- 
fore it will be co-;ſ. 12 R co - ſ. AF x N * 


S. NS. 
R 
R* x co- ſ. AF — co- ſ. AB = CO 

SIC SBC -. Which is the firſt 
caſe. caſe. Again, becauſe S. AC x S. BC is = ER 


co-1. AF — co. AE (by Corol. 3. to Prop. 2.) we 


ſhall, alſo, have V = 2R x co-ſ. AE — co-f. AB 
co-1. AF — co-ſ. AE © 
Which is the ſecond caſe. Moreover, ſince 2 R 


co-ſ. AF — col. AB is = 8. AB 5 AF X 8. 
AB — AF 
2 


, and conſequently V = 


(by the ſame) it follows * V is likewiſe 


_ 2R x S. AB + AF x S. I — D a 
=F S. AC x S. BC 
9. E. D. 


Co RO l- 
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COROLLARY 1. 


Hence, becauſe R x Vis = the ſquare of the 
fine of C (by Prop. 1.) it follows that ſq. S. C= 
R* x S. ZAB + ZAF x S. TAB = A 
ER 7 men 

From whence we have the following theorem, 
for ſolving the 11th caſe of oblique triangles, 
where the three ſides are given, to find an angle. 


As the rectangle of the fines of the two ſides, in- 
cluding the propoſed angle, is to the rectangle under 
the fines, of balf the baſe plus balf the difference 
of the fides, and half the baſe minus half the difference 
of the fides ; fo is the ſquare of radius, to the ſquare- 
of the fine of half the required angle, 


CorROLLARY 2. 


| „ R*xco-1.AF-co-ſ.AB 
——_——  ——— 


we ſhall have R“: S. AC c S. BC :: V: co- ſ. AF 
—— co-ſ. AB; which gives the following theorem, 
for finding a ſide, when the oppoſite angle, and 
the other two ſides, are given. 


As the ſquare of radius, is to the rect of the 
fines of the two fides including the given 4 z ſo is 
the verſed fine of that angle, to the difference of the 
co-fines (or verſed fines) of the difference of thoſe 
Ades, and the fide required. 1 | 


- - Conrot- 


— Ai 
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CoROLLARY 3- 


Laſt! c 2R X — AF — AB 
eas the c-. AF —co-l. AE * 

we ſhall, by transforming the equation, and 2 

ting W for (2R — V) the verſed ſine of BCE 

(the ſupplement of the vertical angle) have co-ſ. 

AE = 2R X co-1, AB — W 2 col. AF „and the 

9 5 8 
co· ſine AF — 2R X co-ſ. AB — — V x co... AE. 
W 

From whence the ſides themſelves may be de- 

termined, when their ſum, or — is given, 

with ci baſe wad vertical og 


Te END. 


ERRATUM, 
Page 27. line 6, for (by 8. 4.) read (by 10. 4.) 
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